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INVESTIGATION OF THE RADIATION CHARACTERISTICS 
OF HIGHLY DIRECTIONAL MIRROR ANTENNAS 
WITH REFLECTOR OF ALTERNATING PROFILE 


N.A. Esepkina, N.L. Kaidanovskii, B.G. Kuznetsov, 
G.V. Kuznetsova, S.E. Khaikin 


Expressions are derived for the directivity pattern of an antenna with a reflector of 
alternative profile. It is shown that the form of the in-phase aperture of the antenna under 
consideration varies with the elevation angle of the principal maximum of the diagram, and 
this leads to a corresponding change in the width of the diagram in the vertical plane without 
a change in the antenna gain. The question of parasitic polarization in an antenna with 
alternating-profile reflector is also considered. 


INTRODUCTION 


It became clear recently that reflectors of centimeter-wave antennas, with large effec- 
tive areas, can be constructed of individual elements that are not mechanically connected 
with each other. This circumstance makes it possible to ensure a greater relative accuracy 
in such antennas than in antennas with a continuous reflector. 

One of the ways of constructing an antenna with divided reflector is to construct an 
antenna with a reflector of alternating profile. The operating principle of such an antenna 
and some of its features are considered in references [1, 2, 3, 4, 5]. 

The purpose of the present investigation was to examine the radiation characteristics of 
an antenna with an alternating-profile reflector. In this antenna, unlike ordinary antennas 
with moving pattern, the radiation characteristic in the vertical plane changes with the eleva- 
tion angle. It is characteristic that this change in the pattern width does not involve a de- 
crease in the gain of the antenna. This feature of the alternating-profile antenna is due to the 
method employed in this antenna to displace the diagram in space. The directivity diagram 
is rotated not by moving the entire reflector as a whole, as in ordinary parabolic antennas, 
but by changing the shape of the reflector. 

Together with varying the shape of the reflector, one changes not only the orientation of 
the in-phase aperture in space, but also the form of the aperture itself. As a result the 
width of the pattern of an antenna moving in a vertical plane changes in the same plane. The 
displacement of the main beam of the diagram in azimuth does not change the shape of the 
beam. 

The directivity characteristics of the antenna are determined below both from the value 
of the field in its in-phase aperture, and from the electric currents in the reflector. Princi- 
pal attention is paid to an investigation of the antenna field in the forward half space. The 
side and backward radiation in an antenna having a reflector with alternating profile have 
approximately the same structure as in ordinary parabolic antennas and can be determined 


by krown methods. 
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1. FORM OF IN-PHASE APERTURE 


The reflector of the antenna described converts a plane wave incoming at an angle Og 
into a cylindrical wave with vertical generatrix (or vice versa). By locating any linear 
radiator in the focus of the reflector, it is possible to focus the converging cylindrical wave 
to a point. 

As described in [1, 2, 3, 4], the reflecting surface of the antenna consists of individual 
plane elements of height h and width a. 

In order for the fields from all elements to add up in phase in the ©g direction, the 
locus of their centers in the horizontal plane passing through the focus should be the following 
curve (see Fig. 1) 


ni P % Ro — a) COS Oo (1) 
1--cos@cosp  1-++ cos @ycos@’ 


p= 


where p — parameter of the line joining the centers of the elements; Og — principal direction 
of the antenna or the angle of elevation of the radiation sources; Ro — radius of initial circle, 
on which are situated the elements during the adjustment (or during observation in the zenith); 
ag — constant dependent on the maximum possible displacement of the elements (ag/Ro « 1). 


Fig. 1. Profile of reflector, 


Equation (1) is the equation of a conic section in a polar system of coordinates with pole 
at the focus of this section. The eccentricity of the cross section is cos ©g. Inasmuch as 
0<cos @951(0<s @< m/2), this is the equation of an ellipse with parameter Pp, while when 
©9 = 9 and Op = m/2 we get the equations of a parabola and a circle, respectively. 

a oS equation of the line joining the centers of the elements has in Cartesian coordinates 
e form 


here w, sin® 8, — 2 px, cos @) — p* =0. (1a) 


The distance from a radiator located at the focus F to the reflector (focal distance) 
varies in accordance with 


; Z Ro — a cos O, 
a P x 0 0 0 
] 1+ cos Qo 1 + cos Gy i (2) 


The angle of inclination of the normal to the shield (n) to the horizontal plane (8), or the 


1740 


angle of inclination of the reflecting element to the vertical, is given by [2] 


ete, sin Qo 
V2 (1+ cos cos @) ~ 


sin8 


t 


The angle x between the projection of the normal on the horizontal plane and the axis Xh> 
which angle characterizes the rotation of the reflecting element relative to the vertical axis, 
is given by the following expression [3] 


=e sin @ 
tgk= cos @)+ cos@ ~* (4) 


Let us determine the form of the in-phase aperture of the antenna; for this purpose we 
project the line joining the centers of the elements on the aperture plane, i.e., on a plane 
perpendicular to the principal direction (Fig. 2). We align the plane xhzp of the horizontal 
system of coordinates (see Fig. 2), whose origin is at the focus F, with the principal artenna 
radiation direction (AB). 


COULY 
Z, 4 


Fig. 2. Form of the aperture. 


In this case the in-phase antenna aperture will lie in the xy plane. For convenience in 
calculation we choose the aperture plane passing through the axis yh. The coordinates in the 
aperture plane are chosen such that the origin is at the focus F, the y axis coincides with yp, 
and the c axis coincides with the principal direction of the antenna. 

Projecting the line joining the centers of the elements (see (1a)) on the xy plane (the 
aperture plane) and recognizing that 


h sinO’ (5) 
we obtain 


pe 


(6) 


ae, ; ene Ss) a 
eae (x it sin Oy mj 


sin? Oy * 


This is the equation of a circle with center on the x axis and radius r = p/sin 99. Figure 3 
shows the dependence of r/p on the angle of elevation Oo. 
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The projection of the line joining the centers of the elements is thus for the case Oo > 0 
a circle whose radius and center location depend on the angle ©9. When ©0 = 0 the projec- 
tion of the line of centers is a straight line. Let us relate the polar angle ¢ in the horizontal 
plane with the correspond angle «¢ in the aperture plane, the latter angle being measured 
between the x axis and the radius drawn from the center of the aperture circle. It is seen 
from Fig. 2 that 


iol ee p set ; ae i psmQg __ 
OD = p= ATW, DEL may 22 ete PSNI @ et arm ree gs Ga ce 

since 

= P = 

? ~ T 3 vos Op cos @” 

Then 

> Bia ete ‘ 

mie DH in @ sin Oo (7) 


OD 1-- cos @y)cos@ ~ 


We shall assume that the antenna aperture is in the form of a ring and that its width is 
independent of ¢. This assumption is valid, since the width of the aperture depends on the 
inclination of the elements, which in turn varies slightly (< 2°) 
from the center towards the edges of the antenna [see (3)]. 

We shall therefore assume that the width of the aperture is 
determined by the projection of the height of the center element 
on the aperture plane and its value is hy = h cos (@9/2). As the 
angle ©g increases, the width of the ring decreases. The 
change in the area of the aperture as a function of Og is due 
not only to the change in the width of the ring, but depends also 
on the method in which the reflector of the alternating-profile 
antenna is irradiated. 

A certain fixed number of elements can be installed and 
irradiated. The horizontal dimension and the resolution of the 
antenna in the horizontal principal plane will in this case be 
Fig. 3. Dependence of the independent of Og, while the aperture area starts to decrease 
relative radius of theaper- with increasing ©. 
ture circle on the elevation If the antenna is constructed with the radiation angle kept 

angle ©o. constant, then with increasing ©9 the number of elements con- 
tained in the aperture of the radiator diagram will increase, 
since the distance between the radiator and the central element is increased [see (2)]. Con- 
sequently the resolution of the antenna in the horizontal plane increases with increasing Qo, 
as does the area of the aperture. 
When the number of antenna elements is constant, the antenna horizontal dimension is 


D,=2ptg®. (8) 


Accordingly, for the case when the radiation angle is maintained constant, we have 


SIN Po 


OS Bo COS Po ” (9) 


Dy = 2D ra 


where go is the angle between the central and outermost elements at @g = 0 in the former 
case and the angle determined by the radiator diagram in the latter case. 

Fig. 4 shows the dependence of €g on Og for the case of constant aperture 1 and constant 
irradiation angle 2; ¢g corresponds to the angle between the central and extreme elements in 
the aperture plane. In both cases @o = 60°. 


Fig. 5 shows the dependence of the horizontal dimension of the antenna on the elevation 
angle for the same cases. 
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Fig. 4. Dependence of angu- Fig. 5. Increase in horizontal 


lar length of the arc ¢g in dimension of the antenna due to 
the aperture on the elevation increasing elevation angle at 
angie Oo. constant radiation angle. 


Thus, the in-phase aperture of an alternating-profile antenna, for all elevation angles 
(Qo # 0), is part of a ring whose width, radius, and central angle vary with the elevation 
angle ©. 


2. DISTRIBUTION OF FIELD IN THE APERTURE OF AN ALTERNATING-PROFILE 
ANTENNA FOR DIFFERENT POLARIZATIONS OF THE RADIATOR FIELD 


We determine the field in the aperture by geometrical optics. It is necessary to assume 
here that the reflecting surface consists of plane perfectly conducting elements. In this case 


the well known boundary conditions should be satisfied on the surface of the reflecting ele- 
ments: 


[nEi) = —[nE,], (nE:) = (“E,), (10) 


where n — normal to the reflecting element; Ej — incoming field or radiator field; En = 
sought reflected field or field in the aperture. We first consider the case when the radiator 
field is vertically polarized: 


> 


E,= AF) = Ai,,, “E, = AE? 
fn our system of coordinates we have 


FE? = —cos@, - Ey =0, E}, =sin®- (11) 


Let us find the components of the normal unit vector in the coordinate system x, y, z, knowing 
its components in the system xp, yh, Zp. It is seen from Figs. 1 and 2 that 


i me yi eae 
zp, = sin B, ix , = 12 COS @, + ix sin Bp, 
= > 
Nx ,== COSB COS Y, typ = ly (12) 
> et = 
Ny p= cos®sin x, izy = 1zSin Q,— ix COS Qo, 


> = => > 


N= Nxple pt My pty pt % pley 


tx; 7 he Tee and ie i , oe = unit vectors along the axes xh, Yh, Zh and x, y, z respectively. 
sing (3), (4), and (12), we obtain 


3 (ni, ) sin 9 cOs @ 
V5 (eon Getes ©), 
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A — in sin @ me 
f= hla ere e an, nee 


~_S 


=n 1 + cos Qo cos @ 
- 4 V2 (1 + cos Oo cos @) 


Substituting (11) and (13) in (10) we get 


F9.. — £98 90 = cos @ o  _singsin@ _ .. 
yx | — cos Oo cos @ PASE) Evy 1 + cos 06 cos P SUL Es (14) 
Era — 0, i.e. ? Ez =— Pr. 
“= a A : (j) = (y= 
(r° — unit vector along the radius from the center of the aperture circle, ry = 7 C08 €, Ty = 


= -sin €. 
It is seen from (14) that in the case of normal (vertical) polarization of the radiator field, 
the field in the aperture is directed along the radius drawn from the center of the aperture. 
In the case of horizontal polarization of the radiator field we have for the incoming field 


E}, = sin g sin @y, FE}, = — cos, £2, = sin p cos. Q,. (15) 


Substituting (15) and (13) in (10) we obtain 


mr _ Ccos@o-+cos@ _ i 
Fry 1+ cos@cosp one es 
E°. ____ sing sin Qo eS aie, (16) 


1 + cos @o cos P 


itie; , 


> 


(BE Toi) 


Consequently, in the case of horizontal polarization of the radiator field, the field in the 
aperture is directed along the tangent to the aperture circle. 

Fig. 6 shows the distribution of the field on 
the aperture in the case of vertical and horizontal 
radiator polarizations. 


Fig. 6. Character of distribution 

of field on the aperture in the 

case of horizontal and vertical 
polarization. 


(vectors along the aperture: E7) 


3. CALCULATION OF DIRECTIVITY PATTERN 


Knowing the form of the aperture and the field distribution on the aperture, we can deter- 
mine the directivity pattern of the antenna. Let us find the field in the far zone of the antenna, 


using an approximate diffraction formula [7], which is valid when i/kr « 1, which in our 
case holds true 


pee “ik => > —ikR 
B= ge \ mB Ry) as, (17) 


where n — normal to the aperture plane; Ey} — field on the aperture; RO — unit vector of the 
direction to the point of observation; R — distance to the point of observation; S — surface on 
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which the field is specified, in our case the aperture area. No energy is radiated through 
the side surfaces which can be drawn from the antenna to the aperture plane, since on these 


surfaces [n x E] =0 (vertical polarization). The spherical components of the antenna field in 
the far zone are (Fig. 7) 


tk > > =—— > ikR 
Eo = s—-\ (ttn, Fy] R16) — as, 


n 


ik ¢ >> > > —ikR 
By =F \ (By) 2} hy) —ds. ie) 
8 
It is seen from Fig. 7 that 
Dg iy =O) ie 


R.=sinO@cosp, R,=sinOsiny, 


Ro = cos ®@, R=R,— 7 R, Fa = or, (19) 


Fig. 7. Toward calculation 
of far-zone field. 


where r — distance from the origin to the element ds on the aperture; Rj — distance from the 
point O to the point of observation 


ro, = — cose, ry = —sine, 72 =0, 
(7 R) = — (are + u) sin ® cos (e — tp); (20) 
Bab, Fags 
ds = —- 6 dude, (21) 


u varies from hy/2 to -hy/2. 
We shall assume that the amplitude distribution of the field in the aperture over the angle 
€ is cosinusoidal and that the distribution along the radius is uniform: 


E, = cos veE . (22) 
Substituting (19), (20), (21), and (22) in (18) and also using formula (14) or (16) for the field 
on the aperture, we obtain for a radiator with vertically polarized field the following expres- 


sion 


Aan Pp 1 i 3 (e— 
ik (7 Se +u) sin @ cos (e—¢) 


epee ik Ry Poe \ cos (e — ) cos vee dude = 
Eov = 20 Ry sin Oo 3 ( ) 
hy 
sin ® 2 
£9 —ikp — cos (e—¥) 
sin, —iku sin® cos («—%) dy 23 
= \ cos (@ — tp) cos yee : de \ e : (23) 
sin 0) hy 


—£, 


1745 


ep —ikp ee cos (e—y) 
ik Tne COS Ol sin Oy ie 
F Pen ne st pe sin cos Yé&e ¢ 
Bay ony © sin Qo \ Sessa) T . 
ae 


OF 
x \ e—iku sin © cos (<—¥) dy, 
hy 


2 


(24) 


It is seen from (23) and (24) that the directivity pattern contains the main polarization and 
parasitic polarization. 


and (24); in this case it is necessary to use (16). 


The integrals in (23) and (24) cannot be evaluated exactly. 


For a radiator field with horizontal polarization we can obtain formulas similar to (23) 
determination the known expansion 


We therefore use for their 


—ikp = =— cos («—) 
€ 


loo) 
Sim6) van ) i esi OMe 
=I, (kp = >) 2 2 ip (kp = 3; )! cosn(e —p). 


(25) 
After integration we obtain 


khy 

fee, S10 eo sin © cos wp 

Le =A era p eee { 
—>— sin 8 cos p 


cos . [ Z0( kp oe )h (Yo) + 


a. >) Jn (kp a7 e-)i* cosnw fr (ee e0) | + 
n=1 


+ sin p 2 HS (kp ae Vee sin nrp/3(n, 7; e») | , 


(26) 
f kh, | 
sin sin 0 cos p 
(ees cos © ge { 


sin Qo = 


Bae in ® 
sinap [Jo (tp Grae fs (veo) + 
—z sin 8 cos p 


+ Bn (kp a8) (i) (i)—" cos nrpfo (n, ¥; e0) | + 


+ cos wp [ SJ Jn (hi pone i i" sin nipfs(n, 7, e) |, 


(27) 


where 


f 2isin (y=) 20 _ Sin(y¥ + 1) & . 
1 pel T v4 ’ 


yearn 8 (eas et) , sin(n—¥-+ 1) & 
2 


ie sin (n + 7 + 1)eo sede ee 

n—y—1 n—y+1 n+y7+1 n+%7— 3 
es sin (n — ¥ — 1) & __ sin(n—7 +1) &o sin (7 + 7 + 1) € EN sin (n-+- y—1) &0 
2 n—y—1 n—7+1 nty +1 nay 4 


In integrating (23) and (24) we assumed that 


khy khy 
sin Zz Sin 8 cos (€ — p) sin —z_ Sin 8 cos » 
kh a ; 


v 
, Ten 
5 sin 6 cos (e — p) — 7 sin @ cos p 
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This assumption is valid, for the dependence on ¢ is weak in our expression (0 < e < 60°) and 
manifests itself only at large values of sin ©, i.e., in the side lobes. 


ee ar 
/ 


Fig. 8. Vertical antenna diagrams 
at different elevation angles and 
constant radiation angle: 


1—©p = 0°; 2 — @p = 10°; 3 — Qo = 
= 20°; 4 — © = 30°; 5 — Og = 40°; 
6 — Op = 50°; 7 Qo = 60°; 
Se Op. =90°s 


Figures 8, 9, and 10 show vertical (y = 0) and horizontal () = 1/2) directivity diagrams 
for different angles ©g with a fixed number of elements and a constant radiation angle. The 
diagrams were calculated for a constant distribution of the field in the aperture (y = 0). 


Fig. 9. Vertical antenna diagrams Fig. 10. Horizontal antenna 
for different elevation angles and diagrams for different elevation 
constant horizontal dimension: angles and constant radiation 

1 = @p =. 0°; 2 — @ = 20°; sae 
3-00 .= 4055.4 = Op =. 8055 ae ae (T+ cos go cos @0 ) ' 


~ Gy = 90°. 
Per Op 9 1 — ©p = 0°; 2 — OQ = 30°; 
3 —@ = 60°; 4 —@p = 90°. 


Expressions (26) and (27) determine the field of the antenna for all elevation angles dif- 
ferent from zero (90° s @g < 0). But as the angle ©o increases, these expressions turn out 
to be useless for calculation, since the form of the aperture approaches rectangular and the 
convergence of the series worsens. 

It must be noted that the formulas given are not valid when ©9 = 0. In this case the in- 
phase aperture has the form of a rectangle, and the directivity patterns are determined by 
the known formulas. 

From (26) and (27) and from the curves shown in Figs. 8, 9, and 10 we see two features 
of the directivity patterns of an alternating-profile antenna: the variation of the width of the 
vertical diagram with the angle Og, and the presence of parasitic polarization. 

The vertical diagram depends on the angle of observation ©9. Whereas the antenna has a 
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Fig. 11. Dependence of the width of 
the vertical antenna diagram at the 
0.5 Pmax level on the elevation angle 
at constant horizontal dimension. 


Kp sin 


120 


Za 


60 


40 


0 ° 

0 3 50 60 0, 
Fig. 12. Dependence of the width 
of the vertical antenna diagram at 
the 0.5 Pmax levelon the elevation 
angleat constantangle of radiation. 


knife-like diagram when @ = 0, the directivity pattern becomes closer to needle-like when 
©p = 90°. This is due to the influence of the depth on the in-phase aperture H, equal to the 
segment AH (see Fig. 2). At small elevation angles 0 < @g < 10°, when the depth ‘of the aper- 
ture, which is equal to the projection of the antenna depth Hg on the aperture (H= Ho sin ©0), 
is either commensurate with the height h of the element or smaller than this height, so that 
the diagram is determined by the dimension of the element. When @ > 10°, the diagram is 
determined essentially by the depth of the aperture and becomes narrower with increasing 
elevation angle, i.e., with increasing depth. The width of the vertical diagram at the half- 
power level (©0.5P max) varies approximately as 


ny 
80.5 Pmax ay Hosin Op ~* (28) 


In the case of an antenna with a fixed number ofelements, Ho is constant and given for an 
antenna with a fixed radiation angle by the formula 


1 1 nah 
Hy = p F + cos@, 2-4 cos | Po Oe (29) 


Figures 11 and 12 show the width of the vertical diagram determined from the curves of 
Figs. 8 and 9 for various angles @9. The same figures show dashed the width of the vertical 
diagram determined from (28) and (29). The agreement between the curves indicates that 
the width of the vertical diagram is actually determined by the depth of the aperture. 

The variation of the horizontal diagram with the elevation angle is due to the increase in 
the horizontal dimension of the antenna and occurs only at a constant radiation angle. 

The narrowness of the vertical diagram of an alternating-profile antenna is due to the 
curving of the aperture and not to the increase in its area; this narrowing therefore does not 
increase the gain. This question will be discussed later on in greater detail. 

The narrowing of the diagram at the 0.5 Pmax level is offset by the appearance of a 
small radiation level distributed in a large solid angle. 

Fig. 13 shows sections of the directivity pattern for @g = 90°, taken at planes parallel to 
the aperture plane at levels 0.5 Pmax and 0.05 Pmax. The points for these sections are 
taken from Fig. 14, which shows the azimuthal cross sections through the diagrams, i.e., 
intersections with planes passing through the optical axis of the antenna system. As can be 
seen from Figs. 13 and 14, at high elevation angles (Op ~ 90°) the narrowing of the principal 
lobe of the diagram is accompanied by a redistribution of the radiated energy to lateral direc- 
tions that are close to the principal direction. As a result ''tails" appear in the principal 
lobe of the diagram, and contain a large fraction of the radiated energy. This is why the 
antenna gain does not increase as Og - 90°. 

It must be noted that at radiation angles outside the directivity pattern of each individual 
element ("'shield'') the level of the side bands is comparatively small and does not exceed 0.5 
percent of Pmax, 


It is seen from (26) and (27) that lobes with parasitic polarization appear in the antenna 
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diagram. The size of these lobes increases with increase 
of ©9 (see Fig. 15). The shaded areas in Fig. 13 indicate 
the directions of parasitic polarization (cross polarization) 
exceed 5 percent of Pmax. As can be seen from Fig. 13, 
lobes with parasitic polarization are concentrated toward 
the horizontal main section of the diagram (yh = m/2). This 
is precisely the difference between an antenna having an 
alternating-profile reflector and an ordinary antenna of the 
type of paraboloid of revolution, in which the lobes of the 
parasitic polarization make an angle of 45° to the principal 
planes of the antenna. 


{ 


LS 
AL SOS. 


Sey 
SS | 


4 
Ex 


Fig. 18. Cross section through the three-dimensional 

diagram (@o = 90°) taken at planes perpendicular to the 

optical axis, at the levels 0.5 Pmax and 0.05 Pmax. The 

shaded area shows where the level of parasitic polariza- 
tion exceeds five percent. 


The field in the parasitic lobes of the alternating-profile antenna has a phase shift 1/2 
relative to the main polarization. Consequently the polarization of the signal in the lateral 
directions, in an antenna with alternating profile, will be elliptical, while for definite angles 
©, for which the main and cross polarization components are equal, the polarization will be 
circular. 

The presence of parasitic polarization makes it difficult to carry out polarization obser- 

vations with an alternating-profile antenna, and also decreases 
LE nay” somewhat the utilization coefficient, particularly at large ©. 
It is therefore desirable to eliminate this polarization. For 
this purpose it is necessary to construct the antenna radiator 
with a definite polarization directivity pattern. The dependence 
of the polarization of the radiator field on the angle » should 
be such that the polarization on the aperture be constant 
throughout the aperture (horizontal or vertical). In this case 


G4 


G2 


a A, Ce Eerie wine eons 5 945 6 75 ~— 808 


Fig. 14. Section through the three-dimensional 
diagram (@p = 90°) at planes passing through 
the optical axis (vertical diagram when W = 0° 


Fig. 15. Dependence of the 
relative power in the lobes 
with parasitic polarization 


and horizontal diagram when VY = 90°). on the elevation angle. 
there will be no parasitic circular polarization. Such a radiator can be constructed. Some 
ways of constructing such a radiator are considered in reference [8]. ase 

Formulas (26) and (27) were used to calculate diagrams for a cosinusoidal field distribu- 
tion on the aperture (the case E¢ _ €9 = 0.3 Emax). 

In this case the diagrams still have the features indicated above. The falling-off distri- 
bution broadens the horizontal diagram by approximately 1.2 times and the vertical diagram 
by 1.4 times, and the level of the parasitic-polarization lobes is reduced thereby. 

Directivity patterns were also calculated from the currents mn the reflector. ¢ In this 
case the expression obtained for the main component of the field in vertical polarization of 
the radiator field and uniform radiation of the reflector is 
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Po 
Ey= A \ Vi(8, @, ¥)V2(8, o peter © # Ode, (30) 


ays 
where 


sin © sin ®, cos g + cos O (1 + cos Oo cos @) 
Vi + cos © cos p V (1 +c0s Oo cos @)? + sin? Oy’ 
h/2 
130, (a ee 


—h'2 


Vy (0, g, p) as 


1+singsinyp-+cos®@cos@cosyp , 
1 +- cos Qo cos ¥ 


0(8, g, ¥) = 


_ sin Qo (t +-cos @ cos @ cos wp + sin @ sin p) — (1 4+ Cos Oo Cos g) Lus sind 
V (1 + cos ©p cos @)? + sin? Oo 


F (0, g, )= 


It is seen from (30) that in the principal direction © = O09, = 0, the fields from all the 
elements of the alternating-profile antenna add up in phase for all values of Og. Indeed 


F'(®,, Q, Q) =e 0, 
ray (@ © 0) __ 1+sin @ sin p+ cos @ Cos @ cos p 1 + cos Qo cos @ 
ou 1 =- cos @o cos 1+ cos@cos@ 


The reason for it is that in an alternating-profile antenna the curve joining the centers of the 
elements (o = p/(1 + cos 69 cos ~) varies, whereas in an ordinary parabolic cylinder with 
electric beam rocking by a considerable amount (©g # 0) the fields from the individual parts 
of the antenna do not add up in phase in the principal direction, and this results in distortion 
of the diagram. In this case 


= 1 + sin @ sin tp + cos @ cos @ cos p __ 1 + cos®y cos P 
1 + cos Qo cos @ J=0, 0=6, 1 + cos p 


= const, 


since O= p/(1 + cos ~). Expression (30) cannot be integrated exactly except when Op = 90°. 
Under certain assumptions, expression (30) can be approximately integrated, while when 
©p < 60° rather simple expressions are obtained for the directivity pattern. The directivity 
patterns were calculated for different Og and were found to be similar to the diagrams of 
Figs. 8, 9, and 10. 


4, COEFFICIENT OF UTILIZATION OF THE APERTURE SURFACE OF AN 
ALTERNATING-PROFILE ANTENNA 


Let us determine the coefficient of utilization of the aperture surface of an alternating- 
profile antenna for different observation angles ©9. We shall assume that the antenna is 
ideal, i.e., there are no phase errors on the aperture of the antenna. Consequently in this 
case the utilization coefficient will be determined only by the distribution of the field ampli- 
tude on the aperture and by the magnitude of the parasitic polarization component. The gain 
of the in-phase aperture is [9] 


ee (E, n) ds 
Ss 


where F(é, n) =v. iat “ike Bey — amplitude distribution of the field over the aperture; 


Fmain(é, 7) — amplitude distribution of the main polarization over the field aperture; 
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Fpar(é, 7) — amplitude distribution of the cross-polarization field over the aperture. 
In the calculations we have assumed everywhere that the field distribution over the height 
of the element (width of the aperture is hk) is uniform; therefore 


ai) Costes 


Fuain= COS TE COS E, Foar == COS YE SiN €, 
1 52 2 ‘ Ree F 
Pe = BY ist Fpar = cos? ye (sin® & + cos?) = cos* ye. 
Then 
i 
rot = cos ° ‘ 2 
: 
\ \ cos ye cos erdrdg 
n° Q, -—£, 
An T>— > cos 
bigger wer . (31) 
rot cos 
£9 
\ \ cos? ye [sin®e -- cos? e] rdrde 
ro ue cos = ae 


where ro = p/sin @p — radius of the in-phase aperture. Integrating (31) we obtain 


joe , sin (y + 4) & 7? 
. ‘ 


A 
Giz: An i y¥—1 ; ¥1 4n 
2 27ry€oht cos 5 ae r 7 sim Bre aa We S aper 1; (32) 
es "2780 | 
where 
[= (y¥ —1) € , Sin (¥ ++ 1) €0 ]* (33) 
x 4 et eae | C) 
7 2(1 i a Zit) z : Saper = 27 &oh cos 55 
270 w 
m — utilization coefficient. F 
It is seen from (32) that the gain changes with the 
angle ©, both because of the change in the utilization ae ee 
coefficient 7, and the change in the aperture area. ° eae 
Let us see how the utilization coefficient varies mn | Ta Th Te 
with @p. It is seen from (33) that in the case of uni- 
form radiation (y = 0) the utilization coefficient is *0 1 | 4 0,81 | 0,84 
30 | 0,96 | 0,96 | 0,79 | 0,79 
45 | 0,94 | 0,92 || 0.77 1) 0.76 
60 | 0,90 | 0,85 | 0,76 | 0,74 
pelea sin & \2 (34) 90 0,87 0,69 0,75 0,74 
ie &o ) : 


In a cosinusoidal distribution when y €9 = 7/2 (the field is equal to zero on the edge of the 
aperture for all Og) we have 
f sin ( — &0 ) at 
; 


Tu Tt \ 
= —6& — 7 & 
5) 0 9 t 


(35) 


The table lists the utilization coefficients calculated from (34) and (35) for a constant 
horizontal antenna dimension (7) and for a constant radiation angle pq = 60° (n2). In the 
calculation we make use of the dependence ¢€ 9 = f(O0) shown in Fig. 4. 

It is seen from the table that in the case of a falling-off distribution the utilization coef- 


ficient changes little with changing 00. 
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In conclusion, the authors are grateful to B. V. Braude for valuable hints and for partici- 


pation in the discussion of the results. 
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FLUCTUATIONS OF THE THERMAL RADIATION 


OF THE ATMOSPERE AT CENTIMETER 
AND MILLIMETER WAVELENGTHS 


N.A. Armand 


The fluctuations of thermal radiation of the atmosphere are theoretically investigated. 
Formulas are obtained for the dispersion of the brightness temperature of an antenna in the 
case of cloudless atmosphere and in the case when a statistically uniform cloud layer is 
present in the atmosphere. Calculations are made of the angular correlation of the thermal 
radiation of the atmosphere. 


INTRODUCTION 


A widely used observation method in radioastronomy is to detect astronomic objects by 
their own radiation. This radiation, naturally, is observed against the background of the 
thermal radiation of the atmosphere. Consequently an investigation of the characteristics of 
the atmosphere's thermal radiation is of great significance. At present the most detailed 
investigations concerned the mean values of the thermal radiation of the atmosphere [1—4]. 
Little study has been made of the fluctuation properties of this radiation. As far as this 
author knows, only one article [7] contains estimates of the intensity of the fluctuations of 
the brightness temperature of an antenna used to register the thermal radiation of the atmos- 
phere, obtained on the basis of the spectral method. It is assumed in this paper, first, that 
the brightness temperature of the antenna is much less than the thermodynamic temperature 
of the atmosphere, and that the fluctuations of the radiation of the atmosphere are due essen- 
tially to fluctuations in temperature. In addition, the author of [7] transfers quite arbitrarily, 
in our opinion, the statistical properties of the temperature T of the atmosphere to a quantity 
aT (our notation), where a is the coefficient of absorption of the atmosphere and T its tem- 
perature. 

The analysis presented below is free of these assumptions and enables us to investigate 
strong absorption of radiation in the atmosphere, to take into account fluctuations in the 
humidity, which manifest themselves most effectively at millimeter wavelengths. Although 
the numerical results are approximately the same in the corresponding portions of the radio 
band under identical conditions (cloudless atmosphere), nonetheless the results are quali- 
tatively different. The difference lies, in particular, in the fact that in our calculations the 
square of the antenna temperature dispersion is proportional to the first power of the external 
scale of the turbulence fluctuations, whereas in [7] the square of the temperature dispersion 
of the antenna is proportional to the cube of this scale. In our opinion, the reason for this 
difference lies in the fact that the author of [7] used for the three-dimensional spectral 
density a formula in the form k-11/ 3, whereas the sense of the transport equation calls for 
the use of a one-dimensional spectral density in the form k-9/3, 

Our paper consists of three parts. The first establishes the statistical property of the 
coefficient of absorption of radiation in air and in clouds. Regarding the latter, we note that 
the statistical properties of the coefficient of absorption in clouds are determined by the 
statistical properties of the water content. These properties, unfortunately, have not been 
thoroughly investigated, and we are therefore forced to make certain special assumptions. 
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By virtue of this, the corresponding results must be regarded as tentative. 

In the second part we investigate the fluctuations of the brightness temperature of the an- 
tenna. The case of cloudless atmosphere is considered here as a particular case of cloudy 
atmosphere. 

Finally, in the third part we establish the angular correlation connections between the 
fluctuations of the thermal radiation of an atmosphere free of clouds. 


1. STATISTICAL CHARACTERISTICS OF THE COEFFICIENT 
OF ABSORPTION OF RADIOWAVES IN AIR 


As is known, the absorption of electromagnetic wave in the centimeter and millimeter 
bands in air is due essentially to the absorption in oxygen and in the water vapor. Therefore 
the coefficient of absorption in air is represented in the form of the sum 


\ 


4=% + A, (1) 


where 1 — coefficient of absorption in oxygen and wg — coefficient of absorption in water 
vapor. As shown in [2, 3], a1 and wg vary exponentially with height and 


O (2) = dane 2H gga 2H a, (2) 


where Hj =~ 5.3°103 m and Ho = 2.1:103 m. We shall henceforth assume for simplicity 

a (Z) = ape—2/F, (3) 
where ag and H are determined by equating (2) and (3) and their first derivatives at z= 0, 
is Ox 

On = Hq + Aen, 

Co a fel 

Wises dadion (4) 


With the aid of data given in [1] we can readily calculate @o and H, which are presented 
in Table 1 for various wavelengths. 


Table 1 
Values of a1, a2, @o and H 


A, cm a, 1/m | Ge, A/ae | G=o,+ a, H, m 

10 0.15-10-5 | 0.005-10-5 0.15-10-5 5.0-108 
3 0.16-10-5 0.07-1075 0.23-1075 3.7-108 
ses 0.20-10-5 1.90-10-% 2.10-10-5 2.2-108 
1.0 0.32-10-5 1.02-10-5 1,.34-10-5 Dorn Ons 
0.667 1.75-1075 0.71-1075 2.45-10-5 3.7-103 


The absorption coefficient is a function of the meteorological parameters, namely the 
temperature T, the pressure p, and the humidity p (water-vapor content). We represent 
this relationship, away from the resonance lines, in the following form [1] 


a =, 


280 
Pp (1) é@ & Fe ee 
rh + pp E fr ph ; (5) 


where fj, po), and pt) depend on the internal properties of the molecules (magnetic and 


electric moments, magnitudes of the terms, etc.). We shall henceforth use formula (5); 
i.e., we confine ourselves to the non-resonant frequency ranges. 
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Since T, p, and p are random quantities, a is also random. The mean value of a is 
known, and its altitude dependence is determined from (3). The dispersion of the absorption 
coefficient can be determined from (5) by differentiating (since the fluctuations of T, p, and 
p are small), squaring, and averaging. We assume here that the fluctuations of T, p, and e 
are statistically independent and are adiabatic. (The fluctuations of T and p are related by 
the adiabatic equation.) Then 


Se ey er 
6a = Aa? = (ap)? ath 4a) ae (6) 
Here 
ee es 5- 3- / 280 = 
(1, &) = rear (201 + a2) ——- a4 — oy — a +2) ay; (7) 
=e eM Oe oe 
ay = By (Ty: ’ (8) 
__ 280 
=) SS Fae 
ot = pppe Tr’ (9) 
FOI ei) ee oe 
oo) aoe ppBs (Ty ’ (10) 


(11) 
pi = 1.41 is the adiabatic exponent of air; o 0 and oT — dispersion of the fluctuations of 
humidity and pressure; q , characterizes the absorption in oxygen; @ corresponds to the 


absorption edge of water vapor near the 1.35 cm line, and on (2) corresponds to the edges of 


the remaining absorption lines. These quantities are known [1] and the calculation of 

f(&1, Zg) entails no difficulty. For example, for \= 8mm, p =7 g/m, and T = 293°K we 
have f(a 1, @9) = 4.27- 10-5 1/m. For the remaining wavelengths the values are listed in 
Table 2. 


g 
Table 2 Table 3 


Values of f(@1, @2) (T = 293° K) Pp = 735 g/m?) Dispersion of the 
Absorption Coefficient 


T = ° p= 3 
A, om | 10 | 3 | 4185 | 1.0 | 0,667 (T = 293° K, — = 7.5 g/m3) 


| es 

f (a1, o) | 0.66-10-5 | 0,89-10-5 | 2.18-4073 |. 2.19-10-4 | 8,74-10-5 AGM °a/4 
It follows from the averaged values given in [5] that a0 re ee 
Op ~ 0.33 g/m3 and oT= 0.3°K. If we use these data as a 0. Sages 
basis, we obtain for ) = 8mm, P=7.5 g/m® and T = 293°K 0.667 41.30.1073 


(these meteorological parameters will henceforth be referred 
to as standard) a value o a /a~=1.97> 10-2, For the remaining wavelengths the correspond- 


ing information is listed in Table 3. As can be seen from the estimates, for a wavelength 
> < 3 cm the fluctuations of the absorption coefficient are essentially due to fluctuations of 


the humidity. Since @1 and @2 decrease with altitude, 0, also decreases with altitude. 
We shall assume that this decrease is described by a function 


nh) =a(Ve# (12) 
and that in order of magnitude L = H. 
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We further assume that the fluctuations of the coefficient of absorption are isotropic : 
locally. This means that the fluctuations at two points are described by a correlation function 


in the form 


Aa(ry) Aa (rs) = Ra (Pi, 72) = Se peseey pa ({72— Pil) (13) 


where P ,, (|P2 — r1| ) — normalized autocorrelation function of the fluctuations of a. For 


simplicity we present Oy (X) in Taylor's form, i.e., 
Pa(z) =e, (14) 


where /,, -- external scale of the fluctuations. * It is natural to assume that this scale is 


equal to the external scale of the fluctuations of the refractive index and amounts to approxi- 
mately 100 meters. We note also that since og is a function of the height only, we have 


oa (EE ) = 0425). (15) 


2. STATISTICAL CHARACTERISTICS OF THE ABSORPTION 
COEFFICIENT IN CLOUDS 


The absorption of electromagnetic radiation at centimeter wavelengths in clouds is due 
essentially to absorption in water vapor, which can be regarded as saturated in the clouds, 
and to Joule heat losses in the water droplets. The latter is described by an absorption 
coefficient [1] 


1 = \ n(a) Q (a, A) da, (16) 


where n(a)da is the number of drops per unit volume, the radii of the drops lying in the inter- 
val [a, a + da]; Q(a, \) — effective diameter of scattering. Since a> 7—10 y in clouds, we 
can use at centimeter wavelengths the following approximation 


a 


Q (a, a) (17) 


where the coefficient c depends on the real and imaginary parts of the dielectric constant of 
the water. It is possible to calculate this coefficient on the basis of the data given in [1], 
from which it follows, for example, that c = 0.12 when ) = 8 mm and T = 293°K. Since the 
volume of the sphere V(a) is proportional to the cube of its radius, formula (16) can be re- 
written as 


3m c 3stc 
= V d — — y 
(Sear eae ie Alle (18) 


where W — water contents of the clouds, 6 — density of the water. The water content of the 
clouds is on the order of 0.5—1.0 g/m3 [6]. It follows therefore that for X= 8 mm we have 


*We should have used the Kolmogorov-Obukhov law for the choice of the correlation 


function. This would, however, complicate the calculations without changing appreciably the 
final result. 
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Table 4 


Coefficient of Absorption in a Cloud and Its Fluctuations 
(T = 293°K, 0 = 17 g/m3, W = 0.71 g/cm3) 


a a SO aw OE 
A, cm | bhai 4/m | y, 1/m a, 4/m B=a+y 
| 
10 0.94 0.0067-10-4 0,016-10-4 0.023- 10-4 
3 10.4 0.076 -10-4 0.032-10-4 0.41-40-4 
die5 42.4 0.30-10-4 0.45-10-4 0.75-10-4 
150 94.1 0.67-10-4 0.25-10-4 0,93-10-4 
0.667 206.0 1,46.10-4 0.34-10-4 1.80-10-4 


r, cm Sys 1/m Sq, 1/m | 5B, 1/m | °8/p 
10 0.032 -10-5 0.0008 - 10-5 0,032-10-5 0.14 
3 0.07-10-5 0.0071 .10-5 0.37-10-5 0,34 
1.5 1.40-10-5 0.20-10-5 1.41.10 0.19 
1.0 3.20-10-> 0.12-10-5 3.20-10-5 0.34 
0,667 iA) cal Oe 0.14-10-5 7.0 -10-5 0.37 


y= (0.7 —1.4) x 10-4 1/m. The coefficient of absorption in the water vapor of the clouds 

under standard meteorological parameters (9 ~ 17 g/m3) is a= 3.1- 10-5 1/m for }\=8mm. 

Thus, the absorption in the droplets of the clouds exceeds the absorption in the water vapor. 
The dispersion of y is obviously 


Oy — ame Ow, (19) 


where ow is the dispersion of the water contents. As far as we know, there is no informa- 
tion concerning the latter quantity, and it is therefore difficult to estimate Oy with any 
degree of reliability. One can, however, proceed in the following fashion. In [6] are given 
certain data on the altitude distribution of the mean water contents in cumulus clouds. These 
data will be regarded as the possible range of values of the water content. Then 


W = 0.71 g/m3, and gw ~ 0.34 g/m®. Consequently, for ) = 8 mm we have Oy = 4.8- 10 
1/m, and oy/¥ = 0.48. The data on y and Oy for other wavelengths are listed in Table 4. 
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The over-all absorption coefficient in the clouds is 
B=a+7, (20) 
and its dispersion, assuming the fluctuations of the water contents and of the humidity to be 
independent, is 
op =O; tT Sy. (21) 
We shall assume further that the fluctuations of 6 are isotropic and that the normalized auto- 


correlation function has a Taylor form. However, for the correlation radius 1g we use the 
estimate 1 g = 10 meters in accordance with refractometric measurements in clouds [10]. 


3. BRIGHTNESS TEMPERATURE OF THE ANTENNA 


Our problem is to calculate the brightness temperature that the antenna acquires under 
the influence of the thermal radiation of the atmosphere. We consider the general case, 
when the atmosphere contains in the height interval from hy to hg a cloud layer of thickness 


d=hg — hy. (22) 
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For this purpose we use the transport equations for radiant energy [8], which in our case 
have the form 


al 2akT 

a ves ain I; = 1 cy for O0<z <u, (23) 
al 2BkT 

a vr) 1, = ae = for hy [2<hy 

dls a a 2 akT 3 

Sp rare snp 1 Zhe 


Here Ij, Ig, Ig — intensity of radiant energy in the space under the cloud, in the cloud, and 
above the cloud respectively; T1, Ty, T3 — temperatures in the same regions; 


k = 1.38-10716 erg/deg—Boltzmann'sconstant; ~ — elevation angle of the beam at the point z. 


The group of equations (23) must be solved subject to continuity of the flux of electromagnetic 
radiation on the boundaries of the cloud* and the vanishing of this flux as z >. Under these 
conditions the solution has the form 


hy es Ny bs ‘ 
o\ = 2h I ( Trea Ce Tao moa )( PeGhe Ge ae 24 
L(z {\ oe. 4 ently) vo | 2 (24) 
z Ny 
+ ets) —ni(he) Ts (6) 4 (©) — a }} ere), 
sin 


he 


where 


(2) =\ a(S) ae (25) 


is called the optical depth of the atmosphere and 


n@=\$" a (26) 


the optical depth of the cloud. From (24) it follows that the brightness temperature of the 
antenna (z = 0) is 


hy he 
— ( Tia bye" ag anal ( TQ p () ea at 
La \ * sane + enhs) imo { (el 


9 hy 


4 e(hs)—n(he) \ Oe et (27) 


he 


It is important for what follows that, as shown by more detailed calculations, the fluctua- 
tions of the temperature of the atmosphere and of the cloud do not exert any appreciable in- 
fluence on the fluctuations of the brightness temperature of the antenna. Consequently we can 
replace Tj, Tg, and T3 in the integrals of (27) by their mean values. In addition, since the 
temperature varies very slowly with altitude, Tj, Tg, and T3 can be replaced by the mean 
value of the temperature of the atmosphere at the earth's surface, To. Then, recognizing 
that dt /dz=a/siny and dn/dz = B/sin ~, we obtain 


T, = Ty (4 a Cally (28) 


*We neglect refraction of the rays on the boundaries of the cloud, owing to the smallness 
of this effect. 
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where 
r= (he) — (hy) + 1 (hy) + t(00) — T (he) (29) 


has the meaning of total optical depth. It follows from (28) that the statistical properties of 


the brightness temperature of the antenna are determined by the statistical characteristics of 
the total optical thickness. 


4, MEAN VALUE OF THE TOTAL OPTICAL THICKNESS 


It is obvious that the mean value of the total optical thickness is 


r= m1 (a) — (x) + 1 (ly) + 7 (00) — 7 (i). ee 
As shown in [3], at elevation angles x = 5° we can neglect refraction and assume the 


angle x to be the same everywhere. In addition, we assume that the fluctuations in the cloud 
are spatially homogeneous. Then 


h 


—_———.~ _ (Boa (31) 
(fa) —11(fu) = \ EO = Be 
and with account of (3) 
Ss, Ao HL ar 
ie his i ta wen ud (32) 


If we introduce the mean height of the cloud h = (hy + hg)/2, we can obtain for r 


h 


f= aay [84 + dH (1—2e # sh on))- (33) 


We note that in the absence of a cloud (d = 0) we have 


= ag lT 
ree oi yp - (34) 
A very frequent case is when d/2H < 1 and therefore 
at eee Bd + aH 
Pin) ecie © (35) 


We shall use this formula from now on. 
Let us estimate the numerator in (35) for }= 8 mm. If we take d= 103 m, we get 


Bdt+aoH= 0.18. 
5, FLUCTUATIONS OF THE TOTAL OPTICAL DEPTH 


Since the fluctuations under the cloud, inside the cloud, and above the cloud can be re- 
garded as statistically independent, the dispersion of the totaloptical thickness is determined 
by the sum 

Gr = Se (n,) E On (ha)—n (tu) b Or (co) (Ns) (36) 
where 


hy hy 


{ yp 


R (6, 6') do do’; (37) 


00 
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he he 


OF (hyy—n (a) = = sary \ \ Ra (6, 6’) de at’; (38) 
hy hy 
6 eoy ny = Gary | Ra (G,t/)ae ae’. a 


he Ne 


Let us calculate first 2 (hy). For this purpose we use formulas (13), (14), and (15). 
In addition, we introduce in the integral of (37) the new variables 


ase y=in—nil= Sa (40) 


and take into account the parity of the autocorrelation function. As a result we get 


: Res ysin y 
hy 2 
Sin por in) = 2 | Pa (y) dy ay: Oa (x) de, ; (41) 


2 


oO fs (x) changes appreciably over the interval x ~ L/2. The internal integral also changes on 
this interval; P,(y) changes appreciably over the interval l y+ Since lq « L, we can put 

y = 0 in the internal integral. In addition, since usually hy > lq, the upper limit in the ex- 
ternal integral can be made infinite. As a result we obtain 


ny 
sin p 3 (hy) = Zz, | One (x ae} os (42) 
19) 


We now substitute here formulas (12) and (14), and obtain 


2hy 


: J Oi, Lie Sey 
S.() = oo eel (43) 
Similar calculations lead to 

co he 
SiN POq (n)—n (hy) = 2\ Pe (y) dy ( 63 (x) dx (44) 

0 ha 

or 
Idi, 52 

Sm (ha) (In) = ee (45) 


In order to calculate the third term in (36) we must replace 8B in (44) by a, hy by hg, 
and hg by ~. 
Then 


y) dy ( a42(¢ 6x2 ( (46) 


Ny 


2 
Gz (c0)—= (he) = 


—. 


Substituting (12) and (14) in the last formula, we obtain ultimately 
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62 (Oita wh pe 
Sort) = Saag or (47) 
The net result is 
he 
) ot = 1 {odly og? + 42 (0)! L126 sh +)] Co) 
r ~~ sin p ane _ ¥ L/\" 
If there are no clouds (d= 0), then 
o (0) 1, L 
op = sind) (49) 


In the presence of a cloud layer the first term of (48) is usually much greater than the 


ang so that oR >o i (0). Therefore, in the presence of a cloud layer we get approxi- 
mately 


Qdl, o% 
= ae ‘ (50) 
Table 5 


Values of the Relative Fluctuations of the Antenna Temperature 
as a Function of the Elevation Angle (X = 8 mm) 


we | 10 | 20 | 30 | 40 | 50 


op IT 4 | 4.21-10-3 1.86-1073 2.32-10-3 2.67-10-38 Dao One 
| 
ye | 60 | 70 | 80 | 90 
a | 
Gp Ty | 3,14-10-8 | 3.26-10-8 | 3.33-10-8 | 3.36-10-8 
A \ 
For \ = 8 mm and d= 103 m we get 
52 — £106-10-* 
asin 
Consequently we have for the same wavelength 
o2 
— = 2.26-104*<1. (51) 


6. FLUCTUATIONS OF THE ANTENNA BRIGHTNESS TEMPERATURE 


Inequality (51) enables us to assume that eT > eT and oe-r = gye-r . Therefore the 
following well-known formula holds for the mean value of the antenna brightness temperature 


ye eerie cy (52) 
The dispersion of the brightness temperature of the antenna is 


Or, = Ty Src" (53) 


Finally, the relative dispersion is 


ay or (54) 


It is further convenient to analyze separately the cases of a cloudless atmosphere and an 


atmosphere with a cloud layer. 
In the former case we must use (49) for gy. Then 


Sr, 54 (0) V1, L (55) 


Ta Vsinp(er—1). 


We shall henceforth assume L=H. If r «1, which is quite frequent, we get 


°Ta Sa (0) ihe (56) 


as b 
= = sin : 
LAL chy V H 


By way of an example of the applicability of the resultant formulas, let us calculate the 
relative dispersion of the antenna temperature at different elevation angles for the 8 mm 
band. The results of these calculations are listed in Table 5. : 

In the case when the atmosphere contains a layer of clouds, we must use for og; formula 
(50). In this case 


Stig flat 
ae sin sora (57) 


Table 6 


Values of the Relative Fluctuations of the Antenna Temperature 
as a Function of the Elevation Angle at Different Values 
__ of the Cloud Thickness 
(A= 8mm, T = 293°K, W= 0.71 g/m3, p = 17.0 g/m3) 


d, m 

: 100 200 500 1000 | 1500 2000 

10 0.98-10-2 1.18-10-2 4.17-10-2 0,91-10-2 0,68-10-2 0.51 -10-2 
20 1.71 -10-2 1.91 -10-2 1.95-10-2 1.70-10-2 1.43-10-2 1.20-10-2 
30 Dale Om 2.56-1072 2.94-10- 2.23:107% 1.96-10-2 1.69-10-2 
40 2.38-10-2 | 2.91-10-2 | 2.46-10-2 | 2.66-10-2 | 2.37-10-2 || 2.10.10-2 
50 2.03°10°? 3.18-10-2 3.48. 10-2 2.97-10-2 2.66-10-2 2.27-10-2 
60 2.71-10 3.07104 3.161052 3.48-10-2 2.85-10-2 2.55-10-2 
70 2.80-10-2 3.49-10-2 3.98-10-2 3.64-10-% 3.04-10-2 2.75-1072 
80 2.90-10-2 3.61-1072 3.98-10-2 3.82-10-2 3.10-1072 2.76-10-2 
90 2.90-10-2 3.61-10-2 3.98-10-2 3,82-10-2 3.10-10-2 2.76 -10-2 


When r < 1 we can use formula (35) and write 


Sr, 5g V2dl,sinp 
TF Bd + aH 


(58) 


Table 6 lists the calculated values of the dispersion of the brightness temperature of the 
antenna as a function of the elevation angle for different values of the cloud layer thickness 
at X= 8mm. From a comparison of this table with Table 5 we see that the presence of the 
cloud layer increases the intensity of the thermal-radiation fluctuations of the atmosphere by 
one order of magnitude compared with the free atmosphere. 
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7. ANGULAR CORRELATION OF THE FLUCTUATIONS OF THE 
BRIGHTNESS TEMPERATURE OF AN ANTENNA 


The mean value of the antenna brightness temperature and the intensity of the tempera- 
ture fluctuations are functions of the elevation angle. Therefore a study of the correlation 
relations between the fluctuations of the thermal radiation of the atmosphere, arriving at the 
antenna from different directions, is of interest. 

Assume that two beams propagate at elevation angles {1 and jo and azimuth angles 
1 and 2, and strike two corresponding antennas. Then the temperature of the first 
* antenna, in accordance with (28), will be 


Ta (1, Pi) = ie [4 — et (Ya, #1) 
and that of the second 
Ay (Ye, Qe) — fe [1 == er" (vo, $2), 


Accordingly, the correlation function is 


Rr, (1, P15 Yo, Po) = (E32 R, (1,13 Yo, Po) EM Pr) —7 (Ye, 2), (59) 
where 
te Ry (6.6) 
Ry (pus 1s Ya 2) = \\ Saag A a (60) 
. 0 


is a normalized correlation function of the antenna brightness temperature. We use formulas 
(13)—(15) for Ry (©, ©'). The main difficulty in the calculations that follow lies in the fact 


that now [ro _ r1| is not proportional to €—%', but is determined by the formula 


& 
Sy V sin? apo? + sin? wit’? — 2€6’ sin i sin Pp cosh (61) 
rg |= i si 2 
sin %p sin jp 
where 
cos 6 = sin 1p; Sin tp, + COS %p; COS fo COs (2 — @,); (62) 


@ is the angle between the beams. 
To overcome this difficulty, we first rewrite (60) in the form 


ong G00 
sin tp, Sin po 2; (Pi, 1; Pos Po) = \ \ Rab, C\idGdG =: \ \ RG NaGaGe. (63) 
‘02 10! 9 vu 
and then introduce new variables 
Pee Pah 
es (64) 


As a result we obtain 
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yu sin “ sin U2 


es LaMar & 62 (a) dx 
(Fi O15 War 2) = 2\ ypa(y) dy} i v= : 
6 1 ysind AS y? — 4a* sin? 9 
(ere: 
y sin % Sin v2 ) 
‘ 3% (x) dx 
Bi ysin Ys V2 y? — 4x? sin? |’ (65) — 
: ) 
where 
A, = Vsin? p, + sin? p, — 2sin , sin p, cos 9; (66) 


= Vsin? yp, + sin? ap, + 2sin yp, sin wp, cos 9. 


A more thorough calculation shows that the lower limits in the internal integrals can be 
set equal to zero and the two integrals can be unified. If we now introduce a new variable 
(67) 


| 


2x sin § 
Ss = —— 
Agy 


then the internal integral becomes independent of y. Thus the first integral, with account of 
(12) and (14), can be determined without particular difficulty and the end result is 


2sin 4, sin ¥, sin 0 
232 (0) faith ds (68) 
Ry (1; P15 Yor P2) = —— \ 1 25) eee 
soy 5 (7 + Ps) Vi-s 
where 
ee 69 
Pr Pane 69) 


We note that the last formula is valid only for a cloudless atmosphere. We confine ourselves 
to an analysis of this case. The last integral can be calculated by using the substitution 
We obtain 


S= sin t [9]. 
; 232 (0) 1, L ) 7 COS ty 
R, (thr, Gis Pos Pz) oe Ag (1 — q?) { 9 + sin ty 
t t rae: 
a te ore rae 
? ‘A q+ tg 3 g 5) V1 q | (70) 
a 5 I t taal se ? 
As gttg2+te2Vi-# | 
where 
__ 2sin § sin 1p sin rp. 
sin ty AAs , (71) 
Lsin § (7 ) 
2 


Formula (70) can be used when q < 1. When q = 0 we can obtain from this formula, by 


going to the limit, 
(73) 
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When q > 1 the logarithm is best replaced by the arctangent 


9 t a aEa 
257 (Oils Meee te 292 2a VG 1 | 


Int (1, 1; Yo, 2) = As (a2 — 4) q-+sin i V3 —= tl arctg q bo tf Ni 


We now consider particular cases of azimuthal correlation and correlation in the eleva- 
‘tion angle. In the first case w= wo = w and to = mt/2. Therefore 


252 (0) 2, L f 2 t SS 
R ; 0) = —— Z Len q+1—Vi-@ 
r (Pris Pa) Ay (4 — q’) i? 1 Vi au (oe Vi SZ i for i 4; (75) 
4 Se (O) 1, L 
Ry (Pi 2) = ~}—~~*— for q=1; (76) 
282 O)ig Lf) Ae? VP 21 
I Riiae (OAK ys) g : ae (ae 
(1, Pz) Ae=h liga rete re 7 for gic (77) 


Estimates show that in the 8 mm band a change in the elevation angle from 10 to 45° 
brings about a change in the angular radius of the azimuthal correlation approximately from 
2.5 to 15.5°. By angular radius of correlation we mean here that value of the angular dis- 
tance between rays at which the correlation function decreases to one third of its value at 
zero angular distance. 

In the case of correlation in the elevation angle g1 = y2 and to=2, where p=(v1 + Yo) /2, 
provided the angular spacing is small. In this case the angular radius of correlation changes 
approximately from 1 to 11.5° as the elevation angle changes from 20 to 80°. 


FUNDAMENTAL CONCLUSIONS 


1. The relative fluctuations of the brightness temperature of an antenna registering the 
thermal radiation of the atmosphere, on the order of 10-2 —10~-3, are proportional to the 
intensity of the fluctuations of the absorption coefficient and decrease with decrease in eleva- 
tion angle. 

2. These fluctuations should increase sharply when clouds are present in the atmosphere. 

3. The angular radius of correlation in azimuth and in elevation angle increases with 
increase in elevation angle. 
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USE OF THE METHOD OF SLOWLY VARYING 


PARAMETERS FOR AN INVESTIGATION OF 
NONLINEAR SELF-OSCILLATING SYSTEMS WITH: DELAY 


V.N. Yakovlev 


The possibility is considered of using the method of slowly varying parameters for an 
investigation of nonlinear self-oscillating systems with delay. The effectiveness of the 
method proposed in this paper is illustrated with an example wherein a high-frequency self- 
oscillator with delay is analyzed. 


INTRODUCTION 


Self-oscillating nonlinear systems with delay are finding an ever increasing application 
in radio. These include pulse generators with delayed feedback and high-frequency genera- 
tors with delay. Some problems in the theory of pulse generators with delay are considered 
in [6]. 

Problems in the theory of high-frequency self-oscillators with delayed feedback have 
been treated in greatest detail in [1, 2]. Foregoing an account of the details of the volt- 
ampere characteristics of the amplifying element of the generator, and representing the 
generator in the form of an ideal limiter, the author of these papers avoided the need for 
solving a nonlinear differential equation with delayed argument and investigated rather 
simply, clearly, and at the same time quite rigorously the stationary mode of a self-oscil- 
lator with delay, and the transient leading to this stationary mode. 

In the present paper we analyze a self-oscillator with delayed feedback by investigating 
the nonlinear differential-difference equation of the generator, obtained with account of the 
real volt-ampere characteristic of its nonlinear element. 

In this connection, we have used the method of slowly varying amplitudes (the Van der 
Pol method [3, 4, 5]) to devise a method for a quantitative analysis of nonlinear systems with 
delay. This method, when applied to systems that are so nearly linear and conservative that 
the wave form distortion of the generated oscillations can be disregarded in the specific tech- 
nical problem, makes it possible to disclose the presence of many frequencies in oscillations 
with delay systems, and also to determine the frequency and the amplitude of the oscillations 
in the stationary mode. 


1. METHOD OF SLOWLY VARYING PARAMETERS FOR THE ANALYSIS 
OF NONLINEAR SYSTEMS WITH DELAY 


Let us proceed to examine the gist of the proposed method for investigating nonlinear 
systems with delayed feedback. 
Assume that a nonlinear self-oscillating system with delay is described by an equation of 
the form 
W(t) + 26u(t)— 2 qu(t—t) + ou (t) = pf (u(t), w(t), u(t—), a(t —T)}, (1) 
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where 7 — delay time; yp > 0 — dimensionless quantity, small compared with unity. Here 
and below the differentiation is denoted by a superior dot 


: L : d 
UA , u(t—t) = = (t{—T). etc. 


The equation of a near-harmonic self-oscillator without delay, as is well known, has the 
form 


a) wou (t) = pf (u(t), u(t)]. (2) 


The integral of equation (2) is determined in the following manner, using the well known 
methods of analysis of nearly linear nonlinear systems [3], for example, the method of 
slowly varying amplitudes (the Van der Pol method). We first determine the solution of (2) 
for y= 0 (the generating solution). We then take into account the effect of the right half of 
(2) with yw = 0 on this solution. This effect, as is well known, reduces to the appearance 
of overtones and to a dependence of the instantaneous frequency on the oscillation amplitude. 
An account of the right half of (2) makes it possible at the same time to determine the ampli- 
tude and frequency of the stationary oscillations, and also their transient. Let us attempt to 
proceed analogously with equation (1), the left half of which contains all the linear terms of 
the equation of a system with and without delayed argument. An examination of equation (1) 
in precisely this form is due to the necessity for determining the frequencies of all the possi- 
ble oscillations in the linearized system with delay (with p = 0). 

When the second-order system under consideration is close to linear, it is natural to 
assume that the integral of (1) with yu > 0 differs only slightly from the integral of equation 
(1) with pw =0. This circumstance makes it possible, as in the case of (2), to find first the 
solution of equation (1) with p = 0 (generating solution), and then take into account the influ- 
ence of the right half of (1) on this solution. 

Let us proceed now to determine the periodic solutions of equation (1) with pu = 0: 


u(t) + 26u (t) — 2qu (t — 7) + wgu (t) = 0. (3) 


In order to find the periodic solutions of (3), we use the Krylov and Bogolyubov method 
of harmonic linearization [4, 7] to make for the steady state an equivalent replacement of the 
function with delay u (t - T) by means of a function without delay in the form 


u(t—t) = ayu (i) Ey A) (t), (4) 


where aj and ag are coefficients still unknown. | 
We now assume that in the first approximation u(t) varies sinusoidally, 


u(t) =acoswt, u(t) = —aosinot. {5) 


After substituting (5) in (4) we obtain by using the formula for the cosine of the difference 
of two angles 


sin 
dy = COSWT, Ay = — SULT (6) 
@ 


Equation (3) with account of (4) and (6) is now rewritten as 


26 — 2q¢ cos wT 
u 


7 2 
Gin 2q 

1 +24 sinor {+ Be ate ie 
@ ) 


w(t) 4 (t) + iene ise”: (7) 


The system described by equation (7) is on the borderline of stability, and will support 
undamped periodic oscillations if 


2q cos ot — 25 = 0. (8) 
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The frequency of the periodic oscillations is determined from the formula 


‘ 05 
OFS SSS (9) 
1+ <7 sin wt 
(0) 
hence 
2 
F ory (0) 
SI. OT = Sau s) aoe * (10) 


The frequencies of the periodic oscillations can be determined by graphic solution of equation 
(10), which is transcendental in w. For this purpose we represent equation (10) in the form 


9 
M5 T OT 


sin OT = HOt Rage eaPe wee (11) 


The first term pq of the right half of (11) is an equilateral hyperbola, the asymptotes of 
which are the axes p and wT (Fig. 1), while the second term is the straight line po. The 
frequencies of the periodic solutions are determined by the 
abscissas of certain points of intersection (Fig. 1) between 
the curve of py - pg = Y(wT) and a sinusoidal curve. The 
points of intersection, as can be seen from Fig. 1, lie in 
the first, second, fourth, sixth, etc. quadrants. Oscilla- 
tions will exist, however, only for frequencies for which 


Fig. 1. [llustrating the determination of the oscillation fre- 
quencies of a linearized system with delay. 


(with 2q > 0, 26 > 0), in accordance with (8), the inequality 
cos wT > 0 is satisfied, and in accordance with (10), 
-w> Wo. From this we get on the basis of (9) 


sin ot < 0, 


1+ 22 sin wr >0. 


The conditions for the occurrence of periodic oscillations in a system with delay are 
consequently 


sinot <0, cosat > 0. (12) 


If we now recognize that cos wr > 0 and sin wr < 0 only in the fourth quadrant, we can 
state that oscillations are possible only with frequencies determined by the abscissas of the 
point of intersection (Fig. 1) in the fourth, eighth, etc. quadrants. 

It is also seen from Fig. 1 that the number of possible oscillations is limited, since the 
number of points of intersection is finite. The greater the coefficient 2q (the lower the Q of 
the resonance system and the broader its resonance characteristic), the more points of 
intersection there will be. However, not all oscillations with frequencies corresponding to 
these point of intersection will exist. The only oscillations that occur are those for which 
condition (8) is satisfied. Self-resonance is also possible when wr = 2r+ 2mn, where 
n=0,1,2,.... In this case the oscillation frequencies will be equal to and multiples of the 
system frequency wo. 

Periodic solutions of (3) corresponding to the values of the frequency w as defined in 
(11) have the form 


Wy (t) = Aj Cos rp,, Uy (t) = Ag COS Yo,... Un (t) = An COS Pq,... Ui (t) = Aj Cos Yi, 


where wn =Wytt On. 
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The frequency wj; denotes here the highest frequency at which conditions (8) and (12) are 
still satisfied. 


The amplitudes Ay and the phases @y are quantities that are constant in time and that 
depend on the initial conditions. 

The general solution of (3), in accordance with the Schmidt theorem [7, 8], is equal to 
the sum of the particular solutions 


i 


u(¢)— ya An COS Wn. (18) 


n=1 


On the basis of the existence and uniqueness theorem [9] we can state that if equation (1) 
has a periodic solution (13) when yp = 0, then a unique solution u(t, 4) exists when the condi- 
tion |u| < yo is satisfied, where io is a certain positive constant. 

Let us proceed now to a determination of u(t, uw), which is a solution of the equation 


u(t) -+ wu (t)=pF [u (t), u(t),u(t—t), u(t—v)), (14) 


obtained from (1) and (7). 
The function F(t, T) in the right half of (14) differs from the function f(t, 7) of equation 
(1) in that it contains a term transferred from the left half of equation (7) 


26—2q@cosa@t + 
ee ary 


1424 sin or 


in the linearized system with condition (8) satisfied; this term is equal to zero. 

An investigation of equation (3), which describes a linearized system with delay, enables 
us to conclude that in the analysis of the linear problem we deal with a large number of self- 
excited oscillations. In practice, however, in nonlinear systems with delay, by virtue of the 
"small signal discrimination" [1, 11], an oscillation with a single frequency, having a maxi- 
mum amplitude, is the only one observed. Only under certain conditions can oscillations 
occur at several frequencies in systems with several resonances [1]. Therefore in the case 
of a single-loop system, which we are considering, the solution of equation (14) for y = 0 
can be written as , 


u(t) = Acos%, (15) 
u(t) = —@Asin. (16) 


It must be kept in mind here that in the case of a symmetrical resonance characteristic 
the only existing oscillation is the one with a frequency close to wo. 
The solution of (14) with pw > 0 will be sought, as in the case of yp = 0, in the form 


u(t) = Acost = Acos (at + 8), (17) 


where A and @ are no longer constants, but certain functions of the time. 

We shall now regard equation (17) as a certain change in variables; A and @, which are 
the amplitude and phase of the oscillation, will be assumed to be new unknown functions of the 
time, the determination of which on the basis of (17) will yield the sought function u(t). Dif- 
ferentiation of (17) with respect to the time yields 


u(t) = A(t) cos p— A (¢) 6(t)sin p—o Asin. (18) 
Taking (17) into account, we obtain from (18) 
A (t) cos p — A (t) 6 (¢) sin tp = 0. (19) 


Differentiation of (17) yields 


1769 


u(t) = —@A (t) sin tp — @A (t) 0(t)cos » —o?A cos *p. (20) 


Substituting now in (14) the values u(t), u(t), and W(t) defined by formulas (15), (16), and 
(20), we get 


— oA (t) sin p — wA (t) 6 (t) cos p = uf [A cosy, (21) 
—oAsinp, Acos(p—ot), — A sin (p— ot)]. 


Solving (19) and (21) with respect to A and @ we get 


A(t)=— EFA cost, —@Asinwp, A cos (p— or), 
(22) 
—oAsin(p—ot)]sing, . 
§ (t) = — + F [A cost, —oAsiny, Acos(p— or), 
(23) 


— A sin (tp — ot)] cos 1p. 


Equations (22) and (23) are of first order and contain in their right halves periodically 
varying quantities. The time derivatives A and 6 are proportional to the small parameter ve 
For this reason the amplitude A(t)@ and the phase @(t) of the oscillations can be regarded, 
as in the case of nonlinear systems without delay, as slowly varying functions of the time. 
Thus, the functions A(t) and §(t) can be assumed constant over the duration of a single period 
2m/w when it comes to solving (22) and (23), and in determining the values of A(t) and 0 (t) 
with the aid of these equations we can use in place of the instantaneous values of the functions 
F sin j» and F cos y the values of these functions averaged over the period. Then, changing 
over to the total phase of the oscillations » = wt+@, we obtain in place of (22) and (23) 


2m 


A(t) =— E \ Fi cos, — oA sin p, A cos (tp — oT), 
0 


210 


— wA sin (tp — ot)] sin pdrp, (24) 


Qn 
6(t)=o—shS \ F [Acosg, —A sinh, A cos (1p — or), 
0 


— wA sin (sp — ot)] cos pd. (25) 


Expressions (24) and (25) differ from similar equations for nonlinear systems without 
delay only in that the integrands contain terms with delayed argument. 

Putting A(t) = 0 and b(t) = 0 we can readily determine with the aid of (24) and (25) the 
approximate values of the amplitude and the frequency of the oscillation established in the 
system. 

In order to obtain the second-approximation equations, which yield A and 9 accurate to 
second order of smallness inclusive, we can use the recommendations given in reference [4]. 


2. ANALYSIS OF SELF-OSCILLATOR WITH DELAY 


By way of an example of the application of the method, let us analyze a self-oscillator 
with a tuned grid circuit and with a delay line (Fig. 2). According to the symbols used in 
Fig. 2, neglecting the plate reaction of the tube, we obtain the following system of equations: 

Cu ain ones Os 
Li, + rip =u — Mi,, (26) 


la =8S (Ug) Ug, 
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| where S(ug) is the transconductance of the tube, which depends on 
_ the grid moltige: M — coefficient of mutual conduction. 
We assume that the delay line has ideal amplitude-frequency 
and phase-frequency characteristics and is matched on the tube 
grid side. Then 


Ug=u(t—t), w= ip, (27) 
where 7 — delay time, p— wave resistance of the line. 


j Solving the system (26) and (27) for u, we obtain when p>r 
the following nonlinear differential-difference equation of the oscillator: 


Fig. 2. Principal diagram of high-frequency self-oscillator with delay. 


the following nonlinear differential-difference equation of the oscillator: 


LC w(t) + (S + rC)u(t)—S{u(t—)] Mu(t—1) + u(t) =0. (28) 


To be specific we represent the dependence of the dynamic transconductance on the grid 
voltage u g (t) = u(t - 7), in the case when the operating point is chosen near the point of 
maximum transconductance, in the following simplified form [5]: 


S [u(t —t)] = S, — Sy wu? (t — 1). (29) 


This case, as is well known, corresponds to a soft oscillator mode. 
Substituting (29) into (28) and taking (4), (5), and (6) into account, we arrive at an equa- 
tion of the form (14): 


- 2 7 SoWo * = Pe fra 1 26—2qcosat : t 30 
(+08 (0) = — a [ASS we) ut) + EE (0), (30) 
@ 
where ij 
26 = of (= + rC); 2g = @) SM; p= SMoy; (31) 
2 
® 
2) = 
02 SoM 


Bearing in mind that the sought solution u(t) = A cos y~, we obtain with the aid of (24) 


Qn 
A(t) =— eres \ sin (tp — wT) cos? (sp — wT) sin p dp — 
0 
Qn 
A 26—2qgcos@t ( .. 5 32) 
cle ( sin? tp dap. ( 


2q 
jl , A 
ar > sinat 6 


Using the formulas for the sine and cosine of the difference of two angles, we can realize 
(32) and (25) in the form 


A(t) = eee [(3sin? ar — 1) cos at/; + (1 —3 cos? wT) sin ot, — 
M0 
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3 San A 26—2q cos ot (33) 
— sin? wt cos wt/; -+- sin wt cos? otJ 4] — =— ——5———_ J 


2 2 
bs 1+ + sin ot 


| p Atos sin? ot — } —_ 2 rt) sin at], — 
p(t) = 0 + “Zee [(Ssin ot — 1) cos@tJ, + (1 pe OT)s 1 ‘ 
A 26—2qc¢0s OT 
— sin? wt cos wtJ, -- sin ot cos* wt/ 6] — >> Z der, (34) 


2 
eae sin oT 


where 
27 on Qt 
ies ( sin? p cos? p dip; Sige \ sin® cos pd; a \ sint yp dip; 
0 0 n) 
J,= ( sin ap cos® ap dip; Ae ee ( sin? p dy; My ( cos* wp dip; 
0 Pee 0 0 
i ( sin tp cos p dip. 
é 
3 ; 
After determining Jj = 1/4, Jg = Jg = J7= 0, Jg = Jg= 4M J5 = 7 we obtain from (33) 
and (34) respectively 
“d (yess ood se obser s oe cos Ot (35) 
0 ivaa 
1+ — > sin ot 
Arm@oS's (36) 


een m ; 
p(t) =o+ 35, Sin or. 


The amplitude of the steady-state oscillations in accordance with (35), with A(t) = 0 and 
with account of (31),is 


L * 2 
SoM cos wt —(= =i rC | 
A = p (37) 
SeSe op SoM 
S2M cos wt (1 ae ean ae ot] 
The frequency of the stationary oscillations is determined from (36) 
Q + L ] 
pA2 So @ 5 sin OT [ soar cos MT — (= a rc)! 
o =o a sin oT = @ e 
86S. 0 25M (38) 
2cos@t | 1+ > Sin ot 


The nonlinear correction to the frequency, as can be seen from (38), is proportional to 
the small parameter y. It will be all the greater, the stronger the inequality 


S J cos wt > = +rc, (39) 


which, in accordance with (37), is the condition for the self-excitation of the oscillator. 
Approximately, accurate to a quantity on the order of Hu, we can assume w, = w. 


CONCLUSIONS 


The method described for investigating nonlinear systems with delay enables us to detect 
multiple frequencies in oscillators with delayed feedback, determine the frequencies of the 
possible oscillations, determine the amplitude and frequency of the stationary oscillations, 
and finally obtain the conditions for self-oscillation. 
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SMALLEST NUMBER OF CONTROLLABLE ELEMENTS 
IN AN ANTENNA WITH ELECTRIC BEAM SCANNING 


M.I. Kontorovich, V. Yu. Petrun'kin 


The question is considered of the number of independent antenna elements necessary to 
ensure beam scanning in the necessary three-dimensional angle. A relation is derived be- 
tween the number of elements and the directivity coefficient of the antenna. Linear beam 
scanning is considered by way of a particular example. 


INTRODUCTION 


As is well known, electric displacement of the antenna pattern in space can be realized 
with the aid of a system consisting of a series of radiators, fed with currents (or voltages) 
with suitable chosen amplitudes and phases. A particular case of such a system is a linear 
grid of radiators, in which the orientation of the diagram in space is produced by choosing 
the phases of the currents and individual elements with the amplitudes remaining constant. 

In this connection, Vendik [1] has shown that for a specified beam scanning angle Og and 
for a specified diagram width A-© of the array, the smallest number of the array elements 
n independently controlled in phase is determined by the condition 


Go 


In another paper [2], Vendik extends this relation to include a broader class of antennas. 

The present article is also devoted to the question of the smallest number of elements in 
a system that realizes displacement of the directivity pattern in a given three-dimensional 
angle; we shall attempt, however, to relate the number n not with the width of the diagram, 
but with the directivity coefficient of the antenna, which, it seems to us, describes the an- 
tenna more completely in most cases (although not always). 

As can be seen from the derivation given below, the relations obtained in the present 
article pertain to antenna systems of arbitrary form, provided that neither the antenna itself, 
nor the surrounding medium contain nonlinear (or time dependent) elements; if such elements 
are present, they can be regarded only as controlling elements, which do not influence the 
character of the partial diagrams. 


1. ON THE SMALLEST VALUE OF ONE QUADRATIC FORM 


We consider in a spherical frame r, 9, ©, a system of functions Pi(?, ©) (i= 1, 4, 
-»+, N) which in general are complex and depend only on ¢ and ©. 

We assume that the Pj on the surface of a sphere of unit radius are orthogonal and nor- 
malized in the sense that the following conditions are satisfied 


\P:(@, ©) Pi(@, @)ds=0, || Pr(p, @) Pas =4, 
Ss 


Ss 


(1) 


1774 


where the integration is taken over the sphere of unit radius and PE is the complex conjugate 
of Pr. 
We now set up the function 


n 


O= > CP; (9, 9), (2) 


U1 


which is a linear combination of the functions Pj; with coefficients C; independent of gor of ©. 
In addition, we stipulate that for a certain fixed direction Yo, Oo, the following equation is 
satisfied 


@ (Qo, Oy) a x CPi (Qo; Oo) = 4, (3) 


i= 


a 


where dis a certain real number. 
We now set up the quantity 


Q =\|@2\ds, 
3 


where the integral is taken over the entire surface of the unit circle. In accordance with (1) 
we obtain 


n 


= 2 CiCi =D GP, 
g 2 2. | (4) 


where Cj is the complex conjugate of Cj. 

The choice of coefficients Cj was heretofore not limited at all, except for condition (3), 
and consequently we can specify arbitrarily n - 1 out of then coefficients; for example, we 
can choose arbitrarily Cj for all i except i= 1. 

Of all the possible systems of coefficients, we now separate one system, defined by the 


relationships Z 


5 (5) 


Dele 


i=1 


and all the quantities are taken here for values Y= fg and ©= Oo. 
It is easy to verify by simple substitution that Cjc¢ satisfies relation (3); in addition, it is 
seen directly that the following equations hold true 


Cab; —= CiP i: (6) 


If we now turn to formula (4) and calculate for this case Q = Qo, we obtain 


Opila 2a ts (7) 


SELLE 


i=l 


Let us show now that the value Q = Qo which we obtained and which corresponds to the 
coefficients Cj = Cjo will be the smallest of all the possible values, subject to the condition, 
of course, that any system of coefficients satisfies the relation (3). 

For this purpose we set up the difference 
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Q@—Q =D Es P—| CoP 


and make the following transformations: 


[Cy]? = CC) = (Cx — Cin + Crp) (Ci — Cin + Cin) = 
= (C;— Cin) (Ci — Cin) + Cin (Ci — Cin) + Cio (Ci — Cio) + CioCio 


so that consequently 


| Cx? —| Cio |? = | Ci— Cio ? + Cio (Ci — Cin) + Cin (Ci — Ci). 


Thus ‘ 
‘ e a. Pe : 8 
Q—Qo= YICi— Cin P+ Dy [Cie (Ci — Cin) + Cie (C; — Cio)]. © 
i=1 41=0 

From (3) we readily obtain the relation 

D P; (C; Zz Cio) =0, (9) 
v=] 

and also the complex conjugate relation 

2 Pi (Ci— Ci) = 0. (10) 


i=1 


Multiplying now (9) and (10) by Cio/P1 and C10/Pj{ respectively and subtracting from (8), we 
obtain 


n n / ‘ jay p 
Q—Q = d |Ci— CoP + > |e Cio) ( Cio— pt Ci] = 
i=1 v= 


* * P; 
+ (Ci — Cin) (Co— 75) Cw) | : 
However, on the basis of (6) the last sum vanishes, and consequently 
Q—Qo= > |Ci—Cio PS 0, (11) 
t=1 


from which follows directly the foregoing statement that Qo will be the smallest of all the 
possible Q. 


2. ON THE NUMBER OF CONTROLLABLE ELEMENTS WHICH ENSURE 
BEAM SCANNING WITH THE REQUIRED GAIN 


The results obtained above enable us to establish a connection between the number of 
controlled elements in the radiating system and the beam scanning angle and the directivity 
coefficient of the antenna. 


Let us assume that on the surface of a unit-radius sphere* there is produced an electric 


*The radius is chosen sufficiently large to be able to consider the antenna field in the 
far zone. 


1776 


field whose tangential component is E(~Y, ©). We now assume that at the point ~000 under 


consideration (the direction of the principal maximum of the antenna pattern) the field is Eo 
E (@o, Qo) = Eo. 


Assuming the field to be linearly polarized, we can write for the radiation power 


Ca (12) 


Then the directivity coefficient of the antenna in the direction 99, Oo is given by 


A (13) 


We now consider a radiating system consisting of radiators, each of which produces a 


n 
field Ej, so that E = >) E;. 
i=1 
Since the field produced by each individual radiator is proportional to the intensity of 
excitation (current, voltage, or some other factor causing a proportional change in the field), 
we can put 


Ei; aa C;Pi, 
where P; — functions that depend on ¢ and © (partial diagrams) and which obey conditions 
(1)*; Cj — coefficients that do not depend on yor ©, and which are determined by the excita- 


tion condition of the antenna in such a way that a = Eo [condition (3)]. 
Thus, we can write 


E =), C,P,. (14) 
Now, starting with (12), we can write 


Cc 
Ww age [Ci |? 


and in accordance with (7) we obtain the estimate 


Consequently, 


D<Any | Pil. (15) 


We now consider D as a function of the coordinates 20, @o (a function of the position of 
the principal antenna beam in space), and integrate (15) over the surface of the sphere. 


*Thus, the partial diagrams are assumed orthogonal. It will be shown below that this is 
not a necessary condition. 


VT 


Taking into account the normalization (1) of the functions Pj, we obtain 


/\ 


\ Dds <4n¥' \| Pitas = 4am 
Pe) i=, 


or 


n> z\ Das. (16) 
sS 


Thus, for a given value of D as a function of 9 and ©p (i.e., during the process of 
scanning the beam) the necessary number of partial radiators which make up the antenna and 
are controlled independently of each other should be not less than the right half of (16). 
When the coefficients Cj in (14) are chosen equal to Cj9, as follows from the preceding, the 
inequality (16) turns into the equation 


1 


\ Das. (17) 
S 


4 
4a 


Thus, recognizing that the lower limit of inequality (16) can be reached in at least one 
case, we should assume that the smallest value of n is determined by the equation (17). 

We now proceed to an examination of the case when the scanning of the beam is in a 
certain region Sq, corresponding to a solid angleQ, and attempt to determine the minimum 
number of controllable elements of the antenna for this case. Leaving aside the question of 
the physical realizability of the corresponding fields, we first set D equal to zero everywhere 
except in the region Sg; this obviously must be done in order to minimize the integral 
(17). Thus, we can write 


ie 
n = 7, \ Das. (18) 
SQ 
If D is not constant in the region Sg and assumes a maximum value Dmax and a minimum 
value Dmin, we obtain from (18) the inequalities 


Q Q 
If D is constant in the region So , we obtain in place of (19) 


Q 
lf in D: (20) 


Thus, if during the process of the beam scanning the gain changes within the limits 
Dyin aD) << Drax ; 


then the minimum value of n lies in the range defined by (19); if D is constant, then the small- 
est n that ensures the chosen value of D is given by (20). 


3. GENERALIZATION OF THE RESULTS OBTAINED TO THE CASE 
OF NON-ORTHOGONAL FUNCTIONS 


We assumed in the preceding arguments that the functions Pj form an orthogonal system 
in the sense of relations (1). The results obtained, however, remain in force if the orthog- 
onality condition is not satisfied. This can be seen from the following considerations. If the 
functions Pj are not orthogonal, then we can employ the known process of orthogonalization 
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and set up a new system of orthogonal functions qj [3], each of which represents a linear 


combination of Pj, i.e., 


Of My Wises: (21) 


s=1 


where [i,s are constant coefficients, which in general are complex. 
Solving (21) with respect to Pg we get 


Pi =) VisYss 


s=1 


where Vi,s are coefficients expressed in terms of the i.ge Thus, relation (14) can be re- 
written as A 


E= Crna age 
D>) Dd) Civiegs= DS} dig (22) 


1—1e—1 i=1 
where 


ds = >) CNa. 


s=1 


Repeating all the preceding arguments with respect to relation (22), which is a linear 
combination of the functions qj, obeying the orthogonality conditions, we arrive directly at 
the previous conclusions. 


4, CASE OF LINEAR BEAM SCANNING 


The general relations (16) and (20) which we obtained above enable us also to consider 
the special case when the field depends only on a single coordinate, say y. In this case, 
obviously, the displacement can only be along the single line, and in this sense we can speak 
of a linear beam scanning. It is precisely the case of linear scanning that has until now been 
considered in the literature [1, 2]. 

We assume accordingly that the displacement of the beam is in the azimuthal direction 
and that its position is determined by the angle 9. 

The characteristic of the directivity of the radiating system is, for each 9g, a function 
of ¢ and is independent of the polar angle ©. Accordingly, the electric field (on the sphere 
considered above) can be represented as 


E= E,A (9; Po), 


where A(?, $0) is a function of Y, which turns into unity when ¢ = 9. 
Expression (12) now assumes the form 


9 27 


al | P dg sin@d@ = bed \ | 42 dg, 
0 


W= 


20 
0 0 


Cc 
an 


and consequently 


ch? on 


[ 14ree 


0 
Substituting in (17) this expression for D, we obtain 
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Qn 


ie C : 1 
nie i \ 2 {sin 0, dO, =i oa se (23) 
° [1AL(@, eo) Rae? ° | LAL @, @0) Rae 
0 0 
If we introduce 
2 
D,.= =. ae 
\ 14 (@, @) Pap 
0 
then (23) assumes the form 
ie 
== on \ Ds (Po) AP, (24) 
0 


This formula is similar to (17). The quantity Dy contained here is the ratio of the square 
of the field intensity in the og direction to the mean value of the square of the field intensity 
on the arc of a great circle on the sphere, and is in this case the analog of the directivity 
coefficient D. 

If we assume, as we did in Section 2, that the field beyond the limits of the scanning 
angle (1 < Y < 9) vanishes and that Dg remains constant within this range, we obtain the 
relation 


n= De, (25) 


which is an analog of (20). 
It is interesting to note that in the case when the directivity characteristic of the radiator 
has the form 


A Es sin a (@ — @) 
| (9, Po) a (p = om) ? 
we obtain for Dy the expression 
5.6 
Ds (a Ap ’ 


where Ag is the width of the diagram at the half-power points, and (25) yields 


pa Vee 
MS . 


Thus, for this special case we obtain an expression which agrees approximately with the 
formula derived by Vendik. 

In conclusion, it is interesting to point out that formulas (24) and (25) hold also for a 
somewhat more general case than that considered in the present section, namely when the 
directivity pattern can be represented in the form of a product of two functions, one dependent 
only on ¢ and the other dependeng on ©, i.e., when 


B 
E=E,A(9, 0) Ey: 
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ELECTROMAGNETIC WAVES IN A RECTANGULAR 
CROSS-SHAPED WAVEGUIDE 
N.A. Kuz'min, T.V. Makarov 
A variational method is used to find the eigenfunctions and eigenvalues of the waves of a 
regular ideally conducting cross-shaped waveguide. Numerical results are given. 


1. FORMULATION OF THE PROBLEM 


The determination of the fields and of the critical frequencies of electromagnetic waves 
(E and H modes) in a regular ideally conducting waveguide reduces to a solution of the scalar 


equations 
i Va fl Les 
aLetttay (ep=e O} 
under suitable boundary conditions: 
a) for magnetic wave ab | (L) = 0, (2) 
b) for electric wave Hl cz) = 0) (3) 


on the contour (L) of the transverse cross section (S | ) of the waveguide. All the geometri- 
cal parameters of the cross-shaped waveguide are shown in Fig. 1. The operator A is the 
two-dimensional Laplace operator; % and » are the eigenvalues of the magnetic and electric 
waves, respectively; fn is the outward normal to the contour; the functions } and w are the 
longitudinal components of the magnetic and electric Hertz vectors, connected with the longi- 
tudinal components of the fields by the well known relationships 


H,= ~, E,=xy%, 
with 
Wi oH i NE 
ficial 
fi and h are the propagation constants of the magnetic and electric waves, respectively. 
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As is well known, the extremal functionals, the Euler equations of which are represented 
by (1), have the form 


1} Sv aes (4) 
iL 
subject to the condition that 


{Phas a4, (5) 


where V is the two-dimensional Hamiltonian operator. 

To abbreviate the notation, we introduce the symbol up, ‘which defines the approximate 
expressions for 2} or w, subject to the suitable condition (2) or (8). 

To determine the eigenvalues and eigenfunctions it is convenient to use the Ritz method, 
according to which the approximate solutions are constructed in the form of a series 


x 


n 


Un = >) afi, (6) 


tJ 


where a, are coefficients still unknown. The functions g; should, in accordance with the Ritz 
method, * satisfy the boundary condition (3); if condition (2) obtains, the requirement on gj can 


be relaxed somewhat. The set of functions {o;} should be a complete and linearly independ- 


ent system. The coefficients aj are chosen from the minimum condition (4) subject to con- 
dition (5). Thus, the problem reduces to finding the minimum of functions of n variables 


n 


(Yun, Yun) = > (VPir Vi) Giaj, 


1,j=1 


where the parentheses denote the scalar products of the functions. Using the Lagrange 
method of indeterminate coefficients, we set up a functional 


m2 
Fi (Vin, Vun) oe e (Un; Un) 
and obtain from the condition 3F/3 aj = 0 a symmetrical system 
n 


> al(Vqi, Vos) — {*\ os, 1 = 05 j=1,2,3,..-, 


i) 


= 


(7) 


The system (7) is linear and homogeneous with respect to aj. From the condition that its 


. . * . . . neh 2 
determinant must vanish, we obtain a characteristic equation for sage 
mage 


ane 
tor G1);--- (Vn, V@1) — r (Pro P1); 


~ ™\o°. 


Sar 
(Vqu, Vex) — («| (G1, 91); (Vex, Va) -{ 
(Pz, Pa),--- (VG_, V2) — ie y (Py» P2)5 


2 
(Ven, Ve) —{* (on, 95 (Von Ven) — An “65 


Se ee ee ee et ee GT Te a ae aaa oa Ce Che te Om OO Coc ete I 


(V1, V@,) ais a on Phi (Vqe, Wi ae (2, Prdo(V@ns V@n) a e } (PrPn)i 


The smallest of the roots of equation (8) is equal to the minimum of (4) subject to condition (5). 
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To find the approximate m-th eigenvalue [2] we must seek the minimum of expression (4) 
subject to the additional conditions 


(Bing tye) = 19. (Um; Ux) = 0; kk Sd, 2, 3,,.0,1(72 — 4) (9) 


where u, is the approximate value of the k-th normalized eigenfunction of the Laplace oper- 


ator. 
2. MAGNETIC WAVES 
The first eigenvalue of equation (1) subject to condition (2) will correspond to the funda- 


mental magnetic wave (Fig. 1a). 
For the functions ©; of the fundamental magnetic wave we choose the sequence 


Bl eu GO) rc 
nm = Sin > Sinz; n,m = Ow Sepia tates 


We confine ourselves in our calculations to the functions 


Sears a ORY ee OED 
fi=sSNs >; G=—SINS; Ps=sna 


Soy 
aes 


5 a —— 


Then the approximate expression for the first eigenfunction is written in the form 


Nx 
2a 


se Ee Ce eID Be, BE 
— Ay sin + as sin — 4 sin 


, =a, sin 2 Bye 


From the vanishing of the first-order determinant in (8) we obtain the first approxima- 
tion to the eigenvalue 


1 
4—(1—s)? + —({—<s)sin ao 
pe = ( Ss) PAM 6) sin % (10) 


1 
1— (Ll —s)? — Z (1 —9)sin xs 


where o = b/2a; the superscript (1) denotes the degree of approximation. The higher the 
order of the determinant, the greater the accuracy of the eigenvalues and the closer they 


Fig. 1 


approach the true values. The calculations were carried out to the fourth -order approxima- 
tion. The first eigenvalue and the coefficients of the first eigenfunction, expressed asa fune- 
tion of a with 2a = const and normalized in accordance with (5), have been obtained by setting 
the fourth-order determinant equal to zero and are listed in Table 1. The same table shows 
for comparison the eigenvalue calculated by formula (10). 


1783 


Table 1 


fo 1.0 0.75 0.50 0.25 0.40 0.05 
Hi!) 20 3.14 3.34 3.90 4.70 5.20 5.40 
7) 2a 3.44 3.33 3.88 | 4.06 3.44 3.60 
HM).2a6 | 3.14 2.50 1.94 4.02 0.34 0.18 

0.5 0.53 0.66 0.97 1.56 247 

Ce an a a a a a 
0.0073 | 0.03 0.196 | 0.35 0.50 

CEM 0 a a a a a 


As o- 1 the fundamental wave of the cross-shaped waveguide goes over into a sum of 
two fundamental degenerate Hg and Ho1 modes of a square waveguide with eigenvalues 7/2a. 
When o < 1 the field of the main wave is concentrated on the internal angles of the cross, and 
it is therefore more advantageous to normalize the eigenvalue of this wave to 2ao (3rd row 
of Table 1). We designate the waves in the cross-shaped waveguide by the same indices as 

used for the waves of the rectangular 
x2a K-20 waveguide, so that as o - 1 the corre- 
sponding wave goes over into the wave 
of the rectangular waveguide. It is 
therefore convenient to call the waves 
of the cross-shaped waveguide quasi- 
waves of the rectangular waveguide. 
Figure 2 shows the dependence of the 
eigenvalue of the quasi-(H1g + Ho1) 
mode of the cross-shaped waveguide. 
The distribution of the electric field of 
this wave in the transverse cross sec- 
tion is shown in Fig. la. 

The second eigenvalue of equation 
(1) subject to conditions (2) and (9) in 
a cross-shaped waveguide corresponds 
to the quasi-H,; wave (Fig. 1b). For 


0 4/0 020 050 KO 050 060 60% ©6460 090 10 6=6/2a this wave the functions @j have the 
Fig. 2 sa 
= Be. nay mix. miry 
= sin=— a —— = 
Onm Jq COS 3, + cos 5g SM n,m = On eon ae 


Confining ourselves to the functions 


ad Oa ite ay . ~ WIE Se IS) 
Pi = Sin ~ cos =; P2 = COS 5 Sin 5— ; 
So OES Bry . OTE e. aaty, 
3 = sin wh cos ya , Q4 = cos Da sin qa? 
we obtain in the first approximation 
_ aVe 1 —(1—s)? = oy sin* xs 


(1) 
| no | 4 . ee, 
=) (i s)2— qe Sin? 15 


The second eigenvalue and the coefficient of the normalized second eigenfunction as a 
function of o, obtained from the vanishing of the fourth-order determinant, are listed in 


Table 2 (see also Fig. 2, curve Hj1). The same table shows the value of cheek calculated by 
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formula (11). As o - 1 the quasi-Hj1 wave goes over into a superposition of two Hj11 modes 
of the square waveguide, the polarizations of which are turned 90° relative to each other, and 
the eigenvalues of which are 1V2/2a. 


Table 2 
o 1,0 0.75 0.50 0,25 0.10 0.05 
x) 2a nw V2 4,20 3.90 3.72 4.20 4.38 
HS) 2a nV2 4.00 3.62 3,68 4.20 4.38 
0.707 0.708 0.77 1.00 1.58 2.24 
Giese a a a a a a 
0.04 0.005 0.06 0,04 0.04 
ag=A4 0 

a a a a a 


The third eigenvalue of equation (1) subject to conditions (2) and (9) corresponds in a 
cross-shaped waveguide to a quasi-(Hg9 + Hog) mode (Fig. 1c). This wave, which is remi- 
niscent of the Hg; mode in a round waveguide, is described by function ~; of the form 


nama cosm2my a 
Qnm = COS —— 5 ny M=0.1.2.3..... 


Confining ourselves to the functions 


20x = = Ann. = : 
P1 = COS 5 Pe COS> >; Ps=COSZ-; Ge=— Coss, 


we obtain in first approximation 


ae 1 
| ns aye = qq (1 — 5) sin 275 


w= = : : (12) 
% 1—(—s)? + 52 (1—4) sin 2ns 


The eigenvalue and the coefficients of the nofmalized eigenfunction as a function of o, 
obtained from the vanishing of the fourth-order determinant, are listed in Table 3 (see also 


Fig. 2, curve Hg99). 


Table 3 
6 4.0 0.79 0.50 | 0.25 0.10 0.05 
Sede.) 2a 6.54 6.28 4.76 3.90 3 
36.2 Da enone byten 4.38 | 3.62 
0.50 0.53 0.57 0.67 0.92 1 
ay=4y A a i a by Bi 
0.014} 0.08 0.022] _, 0.056 | _, 0.19 
ee 0 a a a TAG a 


The upper row of Table 3 shows the value of ae * 2a, calculated from formula (12). We 


see therefore that the maximum value of the parasitic component ag/ay, = a4/ ao will occur at 
go = 0.5, and the minimum will occur at o> 0.25, When o= 0.5 the internal angles of the 

cross are precisely in the antinode of the electric field, causing thereby a maximum pertur- 
bation of this wave. When o - 1, the quasi-(Hg9 + Hog) mode goes over into a superposition 


of two degenerate modes, Hgq and Hog, with eigenvalues equal to 2n/ 2a. 
The quasi-(Hj9 + Hg1) mode (Fig. 1d) is described by the following set of functions ¢: 
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me any , PREG aa EUG! 


Q, = sin Da cos Bye 9 Qs = GOS aye Te Gye 
- SMe Any . Ane. day 
Qs = SH are el seo Qa = cos 57 on Syn © 


The first approximation of the eigenvalue of the quasi-(H19 + Hg1) mode is 


~ mn V5 
xp) = HY x 


: V 1—(1—o)* — & (19) sinas — 7o5 (1 — 9) sin2us — p74 sin as sin 2x5 


1 1 1 
1—(t —o)*? + 55 (4 —9) sin us — > (1 — 6) sin 2ns i qa Sin ns sin 2x5 


(13) 


The eigenvalue and the coefficients of the normalized eigenfunction as a function of 0, ob- 
tained from the vanishing of the fourth-order determinant, are listed in Table 4 (see also 


Fig. 2, curve H19). The same table lists the values of 5) calculated from formula (13). 


As o > 1 we obtain a superposition of two degenerate Hp; and Hy» modes, with eigenvalues 


mv5 /2a. 


Table 4 

6 4.0 0,75 0,50 0.25 0.10 0.05 
HA) 2a nVd 6.55 6.25 6.12 7,00 9.00 
HY 2a nV5 6.30 6.00 6.00 7 O0melpehlan 
1.0 0.99 0.78 1.04 2.57 4.00 

Ora a a a a a a 
0.003 0.05 0.04 0.104 | 0,318 

a3 44 0 a a a a iia 


For the fifth eigenvalue of the quasi-Ho9 mode (Fig. le), with functions oj of the form 


n2ax 201 
Pnm = COS > cos ei Oy aly OW oak 
the first approximation to %5 is 
— Di) 1 oF 9°¢ 
me Bag (Ve 1 (i 6)? 4 ge sin? ans 
is oak aT: 1 1 : Ce 
1—(1—s)? + a (1 —9)sin 205. — Za Sin? 2a 


The eigenvalue of this wave is obtained with good accuracy already in the second approxima- 
tion. Table 5 lists the eigenvalues of the first and second approximations and the coefficients 
of the normalized eigenfunction of second approximation as a function of ¢ (see also Fig. 2, 
curve Hg9). As o~ 1, the quasi-Hg9 mode goes over into a superposition of two H22 modes, 
the polarizations of which are turned 90° relative to each other and the eigenvalues of which 
are 27 V2/2a. 


For the quasi-(Hgg + Hog) mode (Fig. 1f), the functions (~; have the form 


nome . momy 


Onn = Sha 5a sin 3 nk, m= Oe Pe eS Bn 
For 
Ay ay 3my Inu 9 
= cide de : oF “ v Sun 
i= SiNZTs Po Sats Gem apes 4 i Se 
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the first approximation to %¢@ is 


1 
4 — (1 —s)? + a— (1—6) sin 3ns 
3m (15) 


iE 
Zw) _ 3 
ib airs 2a V 


i 5 
1— (1—s)? — 3 (1 —s) sin 315 


The eigenvalue and the coefficients of the normalized eigenfunction as a function of o 
are listed in Table 6. 


? Table 5 
o 1.0 0.75 0.50 0.25 0,40 | 0.05 
20 2nV2| 9.58 8.90 7.45 6.70 | 6.44 
%P).20 2nY2 | 9.57 8.80 7.44 6.70 | 6.44 
1,0 1,09 1.16 1.23 (10, (ee 
a a a a a a a 
0.005 0.07 0.024} 0.042] 0.038 
dg 0 eet 7 t 
a a a a a 
Table 6 
6 | 1,0 | 0.75 | 0.50 | 0,25 | 0.10 0.05 
Ff) 20 3x 9.65 8.70 10.7 14.5 15.7 
Hf) 20 3n 9.50 8.60 10.2 12,020)\ielt3 
0.50 0.52 0.56 0.81 1.50 | 2.48 
pti) a a a a a a 
0,008 |, 0.01 0.014 0.46 | 0.54 
a= ° ae ap yan rsd BP a tc 


As o ~ 1, the quasi-(H39 + Hg3) mode goes over into a sum of two modes, Hgo9 and Hg3, with 
eigenvalues equal to 37/2a. It is interesting that (3) me * 2a = 30 andag=a,=0. When 0 =0, 


(6) ando = 0. This means that the cross sections with such dimensions hardly perturb the sum 
of the modes Hgq and Hog of the rectangular waveguide. 

For the quasi-(H49 + Ho4) mode (Fig. 1g), which is similar in its character of field dis- 
tribution to the Hog mode of a round waveguide, * the functions yj have the form 


nAnx mAny , > 
Qnm = COS—s- cos 5 TEND =O Al reds atoute 


For 


Ary | Sax Say 


G2= — COS; Ps=COSS-; Gy =— cos—— 


4nx . 
2 2a 2a 


2a 


1 = cos 


the first approximation to the eigenvalue of this wave is 


*We note that the eigenvalue of this wave does not follow the eigenvalue of the quasi- 
(H39 + Hog) mode. This wave must be taken into account in many cases when considering 
problems of matching regular round waveguides with bent waveguides of cross-shaped sec- 
tion in the propagation of a Ho; mode in a round waveguide. 
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(16) 


1 . 
~a) 40 v hee CSO) pe, (UUs) shin dans 
a 4 


1—(1— 3s)? + g; (t— 69) sin 4s 


The eigenvalue (Fig. 2) and the coefficients of the normalized eigenfunction of the quasi- 
(H49 + Ho4) mode as a function of g, obtained from the vanishing of the fourth-order deter- 
minant, are listed in Table 7. The same table shows for comparison the eigenvalue obtained 
from formula (16). 


Table 7 

o 1.0 0.75 0.50 0,25 0.10 0.05 
%") 2a An 42.54 12.50 12.50 8,60 7,70 
ql) 2a An 12.16 12.00 9.88 7,30 7,06 
mat 0.50 0.52 0.5 0.76 4,01 4,39 

ead a a a a a a 
0.0364 0.44 0.05 0,12 

a) q esi 0 ae Tie > @ 


As go ~ 1, the quasi-(H49 + Hg4) mode goes over into the (H49 + Hg4) mode of a rectangu- 
lar waveguide, with eigenvalue 47/2a. 


3. ELECTRICAL WAVES 


The determination of the critical frequency of the first electric wave in the waveguide 
(quasi-Ej1) (Fig. 1h) reduces to the calculation of the smallest nonvanishing eigenvalue of 
equation (1) subject to condition (3). For the functions @; (x, y) we can choose for this prob- 
lem a system of functions made up of products of the function w(x, y) by different combina- 
tions of trigonometric functions, where the function q(x, y) is continuous, has finite and 
bounded partial derivatives 9y/8x and 8u/®8y within the region S, , and satisfies the con- 
ditions w(x, y) > 0 inside S,; and w(x, y) =0 on the contour L [3]. The trigonometric func- 
tions can be chosen to be 


nme momty ane 
cos 5 cos =; Tait 1) lee ee 


For the ''cross'' region, the function q(x, y) is defined in the form 


w(x, y) = [a2s? —a®| 4 (a2o® — 2%) + | ao? — 4? | 4 


“+ (a°s? — y*)} (a? — 2?) (a? — y?). (17) 
Then the functions ;, which satisfy the condition (3) on the entire contour L, will be 


nx morty 
5, COS za, Mm ==3() eel ey eee 


Dn Oi dant yicos 


Confining ourselves to the case n= m = 0, we obtain the first approximation to the eigenvalue 


8 8 ae Zi 8 116 Z 

Re Spel ee saat = 2 = 

py/rntae 1 Be + GO 1 Ga9g 97 — 75% + 975° + GE75 o" — BpE oO” 18 

|: Sapa [ply aelpgie Sera are aie va 
398° GS 15759. 25° ape 8 Te OU ey SE aong os 
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The numerical value of x ‘ and the coefficient ag, normalized to the eigenfunction of 
the quasi-E 1 mode as a function of o, are listed in Table 8 (see also Fig. 2). 


The determination of the critical frequency of the second electric quasi-(E;9 + E91) mode 


(Fig. 1i) reduces to a calculation of the second eigenvalue of Equation (1) subject to boundary 
condition (3) and the supplementary condition (9). 


Table 8 Table 9 
s 1.0 0,75 0.50 0.25 0.40 0.05 o | 1,0 0,75 0,50 0.25 
x.0a | 4.5 | 4,84] 6.00 |12.2 | 29.6 | 64.0 “g-2a | 7.9 | 9.32 | 11.74] 29.2 
ag a? 0,25 | 0.54 | 1.50 | 9.70] 48.6 | 570 aes 0/29] 0.57 | 1.96 | 9.48 


For the functions ©j we chose the system 


m2my\ . 
oS): N, m= 4.2.3.0... 


Qnm = O12, Y) (sin — ++ sin 
Table 9 lists the values of the coefficient of normalized approximate eigenfunction and 
the corresponding value of ‘a of the quasi-(E19 + E91) mode as a function of 0 subject to 


the condition n= m= 1. 


(1) 


The formula for Xo is very cumbersome and is not given here. Aso-~-1, the quasi- 


(E12 + E21) mode goes over into a superposition of the two degenerate modes Ej9 and E91, 


with eigenvalues ~7 V5 /2a. This wave of the cross-shaped waveguide can be represented as 
a transformed sum of the E11 modes of a round waveguide (one with even and the other with 
odd azimuthal dependences). Consequently, the transition from a round waveguide to a 
cross-shaped one lifts the degeneracy from the Hg; and Ej; modes (see the curves Hgq and 
E12 respectively in Fig. 2). This makes it possible to make effective use of a cross-shaped 
waveguide in bends for the transmission of the Ho1 mode. 
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MAGNETOSTATIC OSCILLATIONS OF A 
SMALL GYROTROPIC SPHEROID MAGNETIZED 
PERPENDICULAR TO THE AXIS OF ROTATION 


Hsu Yen-cheng 


We consider a method of calculating the resonant conditions and the field configurations 
of magnetostatic oscillations of a small transversely magnetized spheroid. By way of exam- 
ple we give the calculations for simple modes corresponding to Walker oscillations (1, - 1) 
and (2, -1). It is shown that the results obtained can also be used to take into account the 
influence of the ellipticity of this sphere on the resonance conditions and the resonant fields. 
The case is considered of a transversely magnetized thin cylinder, and the spectrum of its 
magnetostatic oscillations is obtained. 


INTRODUCTION 


The problem of magnetostatic oscillations of a small gyrotropic spheroid, magnetized 
along the axis of rotation, was first considered by Walker [1]. In the present article we 
investigate the case of transverse magnetization, the limiting cases of which are a trans- 
versely magnetized cylinder and a tangentially magnetized disc. In principle such a problem 
must be solved with the aid of Lame functions, which have been studied little. However, we 
shall follow a different path and express the potentials and the field components in terms of 
series of spheroidal functions which we derive. 


1. MAGNETOSTATIC OSCILLATIONS OF A SMALL GYROTROPIC SPHEROID, 
MAGNETIZED IN THE TRANSVERSE PLANE 


The problem will be solved in a spheroidal system of coordinates, which is connected 


with the Cartesian system of coordinates in the following fashion: 


1, 


oi) sin. (1) 


We assume that the constant magnetic field is directed along the y axis, and that the z 
axis coincides with the axis of rotation of the spheroid (see Fig. 1). 
The permeability of the gyrotropic spheroid is in the form of a tensor 


wp O —ik 


OF 0 |e (2) 
ik 0 uu 


[el = 


Taking into account the smallness of the sample dimensions compared with the wave- 
length, we can assume that 
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h= grad 4p. a) 
Substituting this expression into the equation 


divB =0 (4) 


and taking (2) into account, we obtain a differential equation for the potential ~; inside the 
ferrite: 


62 @2 2 
ne ( 533 ai an ) api Oy? i= 


If we change the coordinate from y to Vu y' [1], this equation reduces to a Laplace equa- 
tion the solution of which has the form [2] 


Din, a= pr (i&’) pe (n’) cos mag’ as 


sin ma’ 


™ JS _ 
==nAy m \ De ( ae ve see En cenk dn es 
E G sin mA? 
es Se 
A 


C, 
where c = (a2 -b2)1/2, €', n', andg' are the modified spheroidal 


& 


coordinates obtained after making the substitution y = Vuy'. y 
The Legendre polynomial under the integral sign can be trans- 
formed in the following fashion: > Fig. 1 
oF uw ysi nd inh fu—1. 
p,, (#tecoh + Vass | oe eee + y sin we eee 
= P,( ee ! P,,( See La ae eee 
Cc / 


4 >” (/izta«cosi+t ysind (vipes ; 2 
+ 5, Pn (- 2 z jit oY sin Mo a 


where the prime denotes differentiation with respect to the argument. It must be noted that 
the series is finite for any specified n. 
It is also known that [3] 


2 


Using the foregoing expressions, we obtain 


ee ¢ iz +xcosk+ysin a 
Vin, m An, oe > WE \ pa Ap,s Pr—po( c ) = 
p=0 —t § 
eee NI n—24 /,.\ COS (m — 29) ® 
Ge i sin? AdA = ya) ihe q (6) on GD) sin (n — 2q) © ’ (5) 


Pd 


where Ap, g are certain numerical coefficients; fp, q(§) are certain functions of &. 
The normal component of the induction has the form 


OY; A ee 
; 0 n,m ey 
Bein, m= ¥ (grades, .,) — Uk ( an 7 008 Os ap 7 C08 M1 


tion 


Op; 
(he) = COS Oo, 


where cos a1, COS @g, Cos a3 are direction cosines, with respective values 


4— 72 2\—"/2 [ (4 — 2)'2 4—m72y/2.. 
(tat g By Gat ogy Casing, | 
It is obvious that 
Pru (nN) — cos(n —v) @ 
Bz; a u,v (¢) {So . : (6) 
Stn,m , 1—mn 2 \1/y = 
ee ( —T 4 2) sin (n — v) @ 


\ 


where gn, p (é) are certain functions of €. 

From equations (5) and (6) we see that the boundary conditions cannot be satisfied for 
one arbitrarily prescribed combination on the indices n and m. To satisfy the boundary con- 
ditions for a specified value of n it is necessary to bring into consideration a group of modes 
whose indices are determined by the following rule: 


N n—2p N n—2p 
a SEEN \ m cos nip 
Vin ae > > 527A ae nm, >) > Fy, ™m (§) Prop (n) sin mp? 
p=0 m=0 p=0m=0 
(7) 
N n—2p 
\1 al eC cos m 
be, = 2) Di Qnrap (1) Prop (n) sin ma? 

p=0m=0 


where N = n/2 when n is even and N = (n- 1) /2 when n is odd; Fp m(&) are certain func- 
tions of €,; pe is the potential outside the spheroid. We see that to construct the potentials 


of the natural modes of the spheroid we must take a series JY, with terms whose first indices 
take on all even values (if n is even) or odd values (if n is odd) smaller than n, while the 
second index runs through all the numbers less than the first index. 

It is a very complicated manner to obtain the spectrum for all the modes by satisfying 
the boundary conditions in general form. Let us consider, by means of simple examples, 
how one can satisfy the boundary conditions and obtain the resonance conditions. 

a) Homogeneous precession, n= 1. 


b= ae = (1 + &%)"*(1 — 2)" cos @ — icaén, 


Pe = Ca Qi (i) Pr (1) cos p + c4Q, (8) Pin, 


Beleee =. ee Qe neecostGe 
tle = Ca wage Ee (tT) 008 


i (Co + Crk) an 
(a? — b)(n? + 85)" 


’ 


eae 
So b 
(a? — b?)(n? + & 


aT [esQi (iE) P} (n) cos @ + caQ; (i) Px ()1- 
0 


The resonance condition has the form 


/ PLA ayes. , “2 ry 
ype a® 1§0Q; (%&o) __#50Q, (Ho) 
( b? Qi (iE) f Q1 (tEo) 


b) Inhomogeneous precession, n = 2, dependence on @ = sin 2g and sin ~. 


(8) 


, , 
Y (C\@ — 1¢y2) 


Cc os . c, . 
) = 0 P3 (i&) P3 (n) sin 2p ay P} (i&) P3 (n) sin q, 


te = 033 (18) P3(n) cos p sing + ¢,Q3 (it) P}(n) sing. 
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». 


The resonance condition is 


Ve a? i&>Q5 (i&o) \ / Be i€0Q3 (iEo) \ 
a ea cane Gig | 4 

After making the limiting transitions a ~ b, Eq ~ © we obtain k2 = (ut Ay, which cor- 
responds to the Walker modes (2, -1). 

In the general case the field of the oscillations is 
elliptically polarized. The ellipticity of the field is deter- 
mined by the ratios c/cg and c';/c'9, the values of which 
can be readily calculated from the boundary conditions. 

Fig. 2 shows the dependence of the roots A of equa- 
tions (8) and (9) on the form of the spheroid when Qy = 
= H,/41 Mo = 1, where Hj is the intensity of the constant 
magnetic field inside the spheroid and Mg is the satura- 0 05 jj 05 Dal 
tion magnetization of the ferrite. 

We note that with the aid of the results obtained above ices 
we can account for the influence of the ellipticity of the 
sphere on the resonant conditions of the magnetostatic oscillations. Let us assume that we 


have a2 = b2 + 62, where 6” is a small quantity, i.e., 62/b” <1 and lea | =b2/62 > 1. We 


expand the right half of (8) in powers of 1/ ce and confine ourselves to terms up to (1/ee)2 


inclusive. We can readily calculate the resonant conditions for homogeneous precession 


He foie 


A= 3m? 


a 


where A= -1/(u-k-1) (the same as obtained by Walker [1]). 

Obviously, the correction (second term of the right half of this equation) is small. 

As a consequence of the ellipticity of this sphere, ellipticity occurs in the resonant fields 
of the homogeneous precession 


Cy es ae) 6? 
go Pee 
4 
By the same method we can take into account the influence of the ellipticity of this sphere 
on the resonant conditions of other magnetostatic-oscillation modes. 


2. OSCILLATION SPECTRUM OF TRANSVERSELY MAGNETIZED CYLINDER 


In principle one can use the above-described method to determine the resonant condi- 
tions of all higher modes of the spheroid oscillations. Although it can be shown that to obtain 
the spectrum of the oscillations it is sufficient to take in (6) and (7) the terms having indices 
p =u= 0, the calculations for the higher modes remain very complicated. In practice it is 
of interest to consider a simpler case, that of a transversely magnetized cylinder. 

The case of a longitudinally magnetized cylinder is considered in [4]. The result ob- 
tained in that reference differs in that account is taken in its derivation of the finite dimen- 
sion of the specimen (i.e., the radius of the cylinder) and of the influence of the waveguide 
wall for the case of a sufficiently slow wave. Obviously, if we put y9R K 1, ygR «1 and 
take only the first term of the expansions of the Bessel and Hankel functions, then equation 
(35) of [4] goes over into y+k=-1, i.e., into Kitell's resonance condition for the case of 
a cylinder, and all modes merge into one type. In the present paper, owing to the complexity 
of the problem, we assume the cylinder to be sufficiently thin; the results obtained here 
should coincide with that obtained in the preceding section after taking the limiting transition 
a/b 0. 

The coordinate system associated with the cylinder is shown in Fig. 3. Let us assume 
that a dependence of the field components on the coordinates has the form 


7 (7, 9) e-@. (10) 
1793 


We consider the case of a thin cylinder, i.e., 


(koa lls” 17 Wieatep ad, 
(11) 
|ha|<1, | Matek| <1, 


where ko = 5 — wave number in a vacuum; a — radius of the cylin- 
0 

der; € — dielectric constant of the ferrite. For this case we can 

assume the problem to be quasi-static, i.e., 


H roth~ Ws 


Consequently, we can put h; = grad j. 


From the equation div B = 0 with account of relation (2) it follows 
z that 


sia eal CORES _ 


Fig. 3 Wop i + sai i 4 By 1p; = 0. 


Taking (10) and (11) into account, we can neglect the second term in the left half of this 
equation and obtain 


oh oe 
The solution of equation (12) assumes the form 


p; = rt" (cos +i V usin 6)". 


For the fields inside the cylinder we need take only r+", It is easy to calculate the field 
components and the induction components: 


on, a 
Rpaes te = nr” (cos0 +i Vpsin6)", 
dnp, i 
hi, = s = = nr” (cosd +i V sin 6)? (—sin6 +i Vp cos 6), 


B,, = (w cos? 6 + sin? 8) H,, + (1 — p) sin 8 cos 6Ha, = 


=nur” *(cos@ ti sin 6)" (cos0 70 s 
une V wsin 8) va ) 


Consequently, in constructing the potentials of the natural modes of the cylinder, which 
should satisfy the boundary conditions on the surface of the cylinder, we must take the series 


N 
i = >) {Ap_opr™ °" (cos + iV usin)” 
p=0 
De copt  WkCOSte=et ) NUSI OL Taye 
The potential outside the cylinder has the form 


N 


oy — 2 Spec — 2p == 2 Dy 
be= DifCnxopr’ ?? (cos8 + isin Gy 1 De yar (contain ay 
p=0 


To satisfy the boundary conditions we must equate 3; with Je and By; with By, on the 
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surface of the cylinder. Obviously, the resonance conditions are determined by the first 
terms, which contain cos®@ and sin 6 cos"-19, This follows from the fact that these terms 
contain only the coefficients Ay, B,, Cy and Dy. Therefore, in satisfying the boundary con- 
ditions we obtain a system of four equations with four unknowns Ay, Bn, Cy, Dp, which 
determines completely the resonant conditions. The remaining equations do not influence 
the resonant conditions; they merely determine the coefficients An-2p> By-2gp» Cn-2p> 


Dn-2p (p= 12s see, NN) 
It is easy to show that 


(cos? +i V sin 6)" = 


ES (> Cru") cos" § + i( Cea pH") sin @cos” 1@-+ other terms, 


? 


2s (1+Vp)"+(1—Vp)" 
LiCr 0 : 


(13) 


Se yp ee ieee 


» 


Then the expression for the potentials and the induction components can be transformed 
in the following fashion: 


(ee dee ' Ny a ( n n 
y= + Vay + (1 — Vins) 7” cos" 8 + 


(A Be L —\ ~\ity 92 n— 
5 Ler + Vp)” — (1 —Vuu)"] r"sin@ cos” *6 + other terms, 


ab, AC ol-D))\ ie am COS Ot 
+ (C, — D,)r "2" isin ® cos” *@+- other terms, 


n— AWB) Sat 1 n 
Brplina = 2 Vp | Se Ae) ct + Vit — 1 — Vy") 005" 6 + 


L(A = 1) 
T 2 a 


4+)» o— V py} sin 6 cos | -++ other terms, 
B,, ren i ey ee [(Cn+ D,) cos” 6 a 
+i(C,—D,)sin9 cos” '6] + other terms, 


After satisfying the boundary conditions, we obtain the resonance conditions: 
a) when An = By 


Q+Vpy + (1—Vuyn =0, 
b) when A, = -Bn 
Q4+Vpt —(4—Vp)" =0. 
We can also combine these conditions 
Q4+Veyrttd—Veyr =0 (n+ 0). (14) 
Formula (14) can be used to calculate the resonant conditions for any mode. It is important 
to note that the spectrum of the oscillations lies in the region of negative values of u. We 


note also that when n = 1 we get Aq = By and the resultant resonant condition is of the form 
u=-1, which agrees with Kitell's result for homogeneous precession under suitable choice 


of the demagnetization coefficients. 
If we put n = 2, Ag = - Bg then the resonant condition has the form p= -3, which 
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coincides with solution (9) after making the limiting transition a/b > 0. dasa 
In conclusion I am grateful to A.A. Pistol'kors for guiding this investigation. ! 
I am greatly indebted to Ya. A. Monosov and A.V. Vashkovskii for many valuable hints. 
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PROPAGATION OF Ho,, MODES 
IN ANNULAR WAVEGUIDE WITH 
DIELECTRIC SHEATH AND METAL BRAID 


I. P. Kotik, A.N. Sivov 


We determine the reflection and transmission coefficients for a plane electromagnetic 
wave obliquely incident on a flat grating in the case when the vector E is parallel to the wires 
of the grating. The period of the grating is assumed small compared with the wavelength. 
The shape of the wire and the dielectric filling are assumed to be, generally speaking, dif- 
ferent on both sides of the grating and are taken into consideration. The fields near the con- 
ductors are determined. The equivalent boundary conditions obtained for this case are used 
for the analysis of the propagation of Hg, mode in an annular waveguide with dielectric 
sheath and metallic braid. The attenuation due to the losses in the dielectric layer is deter- 
mined, along with the correction to the phase velocity, compared with a smooth tube. At 


: : . Sey rs : é Contes 
dielectric thicknesses d = M> fei (m = 1, 2,...) a sharp increase in attenuation is ob- 


served and is attributed to the occurrence of resonance in the region between the periodic 
structure and the braid. 


1. FORMULATION AND SOLUTION OF THE PROBLEM FOR A PLANE GRATING 


In reference [1] is considered a plane electromagnetic wave incident on a dense grating 
for the case when the vector H is parallel to the wires, and the dielectric filling is different 
on both sides of the grating. 

In the present article we analyze a case in which the electric field in the wave incident 
on the grating is parallel to the wires. Assuming the period p to be small compared with the 
wavelength X we must find the transmitted and reflected field, the fields near the conductors, 
and obtain the boundary conditions equivalent to the action of the grating. 

We introduce a rectangular system of coordinates (x, €, y), connected with the grating 
in the following fashion. The ox axis is perpendicular to the wires, and lies in the plane of 
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the grating; the o€ axis is directed along the wires and passes through the center of the 
cross section of one of the wires; oy coincides with the normal to the plane of the grating. 
The space above the grating (y > 0) and under the grating (y < 0) is filled with homogeneous 
dielectrics with dielectric constants ¢€ g and ¢€3. In all of space we have w=1. The grating 
is made of parallel ideally conducting cylindrical conductors of arbitrary cross section, but 
this cross section has two symmetry axes ox and oy. The time dependence of the fields is 


assumed in the form elwt, Since the directions of propagation of the waves are perpendicular 
to the wires, and the grating is homogeneous in & direction, the fields are independent of the 
the coordinate & (3.../3€ = 0) and the probiem is a plane one. According to Maxwell's 
equations, the nonvanishing components of the field are expressed in terms of E é in the 
following fashion: 

4 OE; 4, OEe Ont 


i ik oy ’ Hy = On? a a (1) 


For Eg we obtain the Helmholtz equation V2E¢ + k¢;E¢ = 0 with boundary conditions Eg = 0 


on the contour of the wire. Fig. 1 shows a typical portion of the field, bounded by the con- 
pours. (5' -44-'3! ~ 2 4354 -'5) and Tio (4°~ 3 7 2" = 


- 3'-4'-5). A plane wave is incident on the grating 
from the side y' < 0 (see Fig. 1) at an angleg,. The 
reflected wave travels in the negative direction of the y" 
axis, while the transmitted wave propagates at the re- 


fraction angle @o (sin mg = sin G1 Vee ) in the positive 


direction of the y' axis. Portions 5'—5 and5'—5 are 
sufficiently remote from the grating to guarantee forma- 
tion of plane-wave fields. 

a) Connection between the fields in the far zones and 
the fields on the contour of the wire and on the plane y = 0. 
To determine the connection between the fields in far zones 
(portions 5' — 5 and 5' — 5) and the fields near the con- 
ductors, we apply the Lorentz lemma (see, for example, 
[2]) to the contours Tj and Ig. We choose for the auxiliary fields involved in the lemma the 
plane-wave fields in the space without the lattice, with a plane interface between dielectrics 
aty=0. The directions of propagation of the auxiliary waves are chosen such as to make 
them "head-on" relative to the true fields; i.e., the field El, H~ (which is head-on with re- 
spect to the transmitted wave) is the field of the wave incident on the interface from the 
opposite side in the negative direction of the y' axis (see Fig. 1). We puta; = sin gj; Bj = 
= cos j. Let us write the expressions for the true fields in the far zones and for the auxil- 
iary fields 


Taig Al 


are Vee aT 
i On i Lice e2 i, 


y<0; Ey ecthViay 4 ReikVar’, 


y SS 0: Le Tek Ven u” [Be = eik V e51)’ alle Roe7ik Vey", 
ZU 2p Ee i 2 

(2) 
y < 0: (ges Gk Vey” aia Riek Ve’, EF ae Tycik Ve yl 


Here R and T are the sought reflection and transmission coefficients; Rj and Tj are the re- 
flection and transmission coefficients for the auxiliary fields, which are determined from 
the simple problem involving the incidence of a plane E-polarized wave on a plane interface 
between two homogeneous dielectrics 


Vewi —Veove , pp _ 2 Ved 
bis E: 1 Pa facet 
Verbs + Verde ” Ve: + V e232 
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Ro = — Ry; T, = T, Es O (3) 


Verb 
The following relations are satisfied on the lines 5' — 5 and 5 — 5 
u(B)=H(—B)e, o(B)=B(—B)e, 
w(g)=u(—e, B= (hye q 


1 = tk V 2&0 P- 


This leads to the vanishing of the integrals on the vertical portions. As a result we obtain 
the sought relations between the fields in the far zone and the fields near the conductors: 


| (HH, —EHi)de= \  EiWdst+ \s (EH = Bene das 
(5'—5) 


(3’—2—8) (4'—8'), (3-4) 


(5) 
| Wak—Ejde= | Bids— | (HEH, —BeHi)ar. 
i, (3-2-3!) poe, vai 
Substituting the expressions for the fields from (2) in the left halves of (5), we obtain 
O= | Bds+ | (EH, —E.Hh)dz, 
(a3) (4’—8'), (34) 
) V €,8,p (2, —R) = \ EtH ds — \ (E:H,, — E-H}) dx, (6) 


(3—23') (4’—3'), (3—4) 


—2Ve8.~pT = | BHds+ .\ (HH,— E,H?) dz, 
(3’—2=8) (4 =3'), (8—2) 


2VeBrT,= | EHds— | (BIN, — EH?) dz. 


(3-3_2") (4’—3'), (8—4) 


Thus, the coefficients R and T are expressed in terms of the field on the contour of the wire: 


2 Ve,8,p (R, — R) = b ELH ds, 
C 


(7) 
OV esbep (lee 1) = $ E2H ds. 


b) Field near the wires. The substitution of the Laplace equation for the wave equation 
leads in our case to an error on the order of (kp) 2; therefore, if we find the solution of the 


equation V2E = 0 accurate to terms of order (kp)2, we can assume that this solution is 
equivalent to the true field with the same degree of accuracy. This solution, as follows 
from (5), will be used only on the contour of the wire and on the line y = 0 between the wires. 
Thus, it is required to find a solution E¢ of the Laplace equation accurate to terms of order 
(kp)?, satisfying the following requirements: 1) the quantities E¢ and oE¢ /dy are continuous 
on (4' — 3'), (3 — 4); 2) E¢ = 0 on the contour of the wire. Using the results of [3] [see 
formulas (25) — (28)], in which it is assumed that ¢g = €1 = 1 (we note that the parameters 
of the dielectrics are not involved in our formulation), we can write an expression for the 


field near the conductors in terms of two constants A and B, which for the time being are 
arbitrary, in the form 


Ex = (Ay2 + Bys) (1 — ik ae (8) 


where y2(x, y), y3(X, y), X9(x, y) — imaginary and real parts of certain conformal mappings 
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corresponding to the chosen shape of the wires (for a determination of the mappings see [3]). 

c) Determination of the sought quantities. Substituting (8) into the first and fourth equa - 
tions of (6), we obtain the constants A and B, after which, using the field near the conduc- 
oes now is known, we obtain from (7) the sought reflection and transmission coeffi- 
cients: 


ee 4 Qik Vex8 
A As 1 eV 191 1 
Gx, UAL PAT Ie OB Dy.. 4 Comps Oo 
G, Dy G, " Dy 
Ge Dz Gi Dy 
aur ies Dae eRe ine 10 
R Gp ith, Tages : aT. (10) 
Ge Dy ORES 7 
Here 
Ga = 1 tk V 2,81, Dives dete y anhuls 
=f = Wale ee 
Gyre eh Bly, Dig NEAT Cpl B 
The parameters lo and 1 3, which depend on the &/Pi y/p 
shape and on the relative dimensions of the wires, “95 


are determined from the conformal mappings. 
For wires with round cross section the calculated 
values of the parameters Lo/p and L3/p, obtained 
with the aid of the Bloch transformation [4], are 
shown in Fig. 2 as functions of the filling coefficient 
q=2b/p. Let us consider the limiting cases of 
formulas (10). 

1) When €] = €5 = 1 expressions (9) and (10) 
go over into formulas (32) and (33) of [3] for the 
case where the fields are independent of the co- 


14 O5 06 Q7 G6 et 
ae 


ordinate &. 
2) When q = 1 (the grating is converted into a 
corrugated surface) / 5 = 13 and we obtain é 2b 
Fig. 2 
R om (=the V £1R ls re, e—2ikY €,8sle ' (11) 


1 + ik VeBil 


In this case T=0, |R! =1, as expected. 

3) When q = 0 we have /9/p = 0, 13/p== and therefore R = Rj, T=T}. 

If we eliminate the region of small q, where the parameter /3/p is large, then formulas 
(10) can in our approximation be rewritten in the form 


RP PAA EV 0, la), 1 — EV, 68, ss) (12) 
We see that the coefficients R and T determined by these formulas are independent of the 
parameters of the outer dielectric, this being a consequence of the negligible [of order 
kp eee as ] leakage of the field to the outer region. The determined reflection and trans- 
p 


p : F 
mission coefficients enable us to write boundary conditions, equivalent to the action of a 


real grating 
Ey — Ezy = thls (Hx + Hoa); 
Ez, + He, = ikls (Hx2— Hx). (13) 
(hs) 


The first boundary condition denotes the presence of a magnetic current along the x axis, 
while the second denotes the presence of an electric current along the € axis. As follows 
from a comparison with formula (34) of [3], the boundary conditions do not change their form 
if we consider the problem with a dielectric interface. Conditions (13) can be used to ana- 
lyze the propagation of Hy modes in periodic waveguides. 


2. Ho, MODES IN ANNULAR WAVEGUIDE WITH DIELECTRIC SHEATH 
AND METAL BRAID 


To analyze the propagation of Hy modes in an annular waveguide with dielectric sheath 
and screen (Fig. 3), we make use of boundary conditions (13), written in the cylindrical 
coordinate system r, ©, 2Z: 


Eg — Egg = ikly (Hin + Hog) 5 


: ; (14) 
be + Beg = thls (Hz, — lal) 


which must be satisfied on the periodic structure, i.e., when r =a, and the conditions on the 
screen Ep2 = 0 when r=b (b —a=dQ). In the region a < r < b the dielectric constant has a 


igen. 


value « = «' - ie for the internal region (0 < r < a) e=1. Substituting the expressions for the 
field components 
Ee Cad (GT ealae 
Hy = 8? [Loy Br) + BoNo (Br) ] 
(15) 
By = — thas, Or) Aa, 
Ey, = —ik8 Liat, Gr) BRR) 


(here a= Vk? -h2; B= Vk2e -h2;h=h' - ih" — the propagation constant) in the boundary 
conditions and eliminating the constants, we obtain the dispersion equation. Using the 
asymptotic representation of the special functions of arguments Ba and Bb, which is permis- 
sible for large ka and when le —1|> 1, we can write the dispersion equation in the form 


LLC) er es E Igelss BIS 
(Fea) +e 9) (ted epee) ee Coat (16) 


4 


When q = 1 (/3 = /2) we obtain an equation for a corrugated waveguide with shallow cor- 
rugations 


VAC ; 
Telday Peek (17) 


The phase constant, determined by perturbation theory, is 


1800 


24 P lg pw —__- 
eal tarred ver gece aU hy = Pa (EY (18) 


Since the leakage of the field into the region a < r <b is usually negligible when q is not 


l l 
“aN [proportional to the small quantity kp ao a ], it naturally makes a small contri- 


bution to the change in the phase constant. Therefore formula (18) holds also when q # 1. 
For attenuation due to losses in the dielectric, we obtain the formula 


n _ (Ig—le)? a? i Boa 
h 4 hoat Im mi Bod + Bot a 
(19) 


B= V We — hh. 


As d- ©, we have tan Bod- -i(e" 4 0) and formula (19) goes into formula (1) of reference [5], 
which determines the losses in an annular waveguide with infinite dielectric sheath. If we 
assume that ¢'' « e' - 1 and neglect the quantities u?, u2(19/a)2, u2(d/a)2 respectively, we 
can write the formula for the relative attenuation (with respect to the losses in an annular 
waveguide with infinite dielectric sheath) in the form 


h" (d) 
1 (d = 00) 


Q (x sh 2yd — y sin oo 
[sin Qed  2el,Q)? + [sh 2yd + 2ylQ]e’ (20) 


rack 
z 


t=kVe'—1, y =k, Q = sh? yd + cos? ad. 


The result of the calculations of the relative attenuation for parameter values a = 30 mm, 
A=8 mn, ¢'=3, €"=0.1, q=0.5, p= 0.3 mm are plotted in Fig. 4 as a function of d. At 


dielectric thicknesses d = 7 (2m + De we have 


1 
minima at 7 =tanh yd. Whend=<7 ae we have 


n = tamg yd/(lo x)? + (tanh yd + = At these points 


we observe an increase in the relative attenuation. This 
phenomenon can be explained in the following fashion. 
The tangential electric field is always equal to zero at 
r = 0 at r = b (wall of the braid) and is quite small at 
r=a, i.e., on the surface of the annular waveguide; 
when the thickness of the dielectric is such that an 
integral number of half wave lengths fit in the dielectric, 
resonance occurs in the region between the periodic Fig. 4 
structure and the screen, accompanied by an accumulation 
of energy in this region, and this leads to an increase in the attenuation. The considerable 
decrease in the relative attenuation when the dielectric thickness differs from the "resonant" 
value can be attributed to the additional return of energy to the internal region owing to 
multiple reflections in the dielectric layer, in spite of the small coupling between the regions. 
In conclusion, the authors are deeply grateful to B.Z. Katsenelenbaum for valuable 
advice made during the performance of the report work. 
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USE OF LORENTZ LEMMA FOR APPROXIMATE 
CALCULATION OF THE PROPAGATION 
CONSTANTS IN AN ELECTRONIC DEVICE SUCH 
AS A TUBE WITH TRANSVERSE INTERACTION 


L.N. Loshakov 


An approximate method is described for obtaining the characteristic equation for a tube 
with transverse interaction, the method being based on the application of the Lorentz lemma 
under assumptions similar to those previously used in the theory of traveling wave tubes. 


INTRODUCTION 


In papers [1, 2] we developed the theory of the waveguide model of a tube with trans- 
verse interaction (TTI), based on the use of a specific physical model of a slow-wave system 
in the form of a waveguide filled with dielectric. This theory has enabled us to establish 
many of the basic properties of the investigated device. 

Certain interest, however, is attached to a derivation of more general relations, charac- 
terizing the operation of the TTI, and not rigidly connected with the specific type of the slow- 
wave system. Under certain assumptions, this more general TTI theory can be constructed 
with the aid of the Lorentz lemma (conjugate lemma) in analogy with the theory previously 
developed for a traveling wave tube (TWT) with interaction in the longitudinal direction [3, 4]. 

In the present article we describe the calculation, which has been carried out as applied 
to a class of slow-wave systems, in which the electromagnetic processes in the absence of 
an electron beam can be approximately described with the aid of a single harmonic wave 
propagating along the system. This means that the existence of an aggregate of spatial har- 
monics will not be taken into account. In spite of the foregoing limitation, the results devel- 


oped below have a more general character compared with the theory of the waveguide model 
of the TTI. 


1. DERIVATION OF FUNDAMENTAL EQUATION 
For maximum simplification of the calculation we assume that the TTI has a slow-wave 


system, in which the wave propagation is best described in a rectangular coordinate frame. 
We shall assume that the z axis coincides with the direction of propagation of energy and that 
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the electron beam moves along the transverse x axis. * 
We neglect losses and apply the conjugate lemma 


\ (2A) + Bi An)nas = —\ iB ,av (1) 


8 t 


to a small volume V = bdxdz, inside the slow-wave system, bounded by the surface S, assum- 
ing that the electron beam in the y axis direction occupies the portion from y = bj to y = bg 


(see the figure). In formula (1) Ey and Hy denote the electric and magnetic fields in the sys- 
tem in the presence of an electron beam with an ac component of current density ip En 
and Hy denote the fields in the same slow-wave system in the absence of an electron beam; 
n is a unit outward normal vector to the surface S. Recognizing that the current density iy 
has only one component i along the x axis, we obtain in this case on the basis of formula (1) 


zdz b ae oe , 
xf \ dz \ (ei ste (BH) ndy} de aE : 
oui Se: ieee imran sedromatarteeden (2) 
at al \ dee\ (EH) te [Ein ))nzdy\ dz ete \ soe dz | ste 
x 0 ) ) 


From formula (2) follows the main initial relationship 


b b b 
a) — = Sg aes ont ety >. > Ae 
op \ (BH + [E71H 1) x) dy + x \ ({L£1A11)2-+ (Ey,Hy),) dy =—|\ (E77. dy. (3) 


0 0 b, 


We shall assume the operating mode in the device under investigation to be a longitudi- 
nally magnetic wave LM,,, with H, = 0 andm #0, n# 0. A wave of this type has the field 
components necessary for interaction. ' 

Specifying a harmonic dependence onthe time t in the form eJwt with angular frequency w, 
in analogy with the theory of the ordinary traveling wave tube [4], we assume for the unknown 
electric field in the system with electron beam the expressions 


g 


- pogiRtene, 5 7 
Ex. = Eo. aia I a l, Ery = Eeoy, Ey = Lions (4) 


assuming the field component E9 to be vortical. In the 
foregoing expressions I is the dispersion coefficient 
with the aid of which we take into account the influence 
of the transverse dimensions of the electron beam on the 
space-charge field, ¢« — dielectric constant of the 
medium, and j = v-1. In the calculation we use the 
rational practical system of units. 


Relation (3) with account of formulas (4) can 


be rewritten 


b 
Se \ EnyHire — Exsiry + Exry rs — EpreW ry) dy + 


0 
b bz 
at 


4 BN iHiry + EtsH yy dy = —\ Birdy. (5) 


0) by 


*It is assumed that slow waves can propagate along the x axis or in both directions indicated. 
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The expression obtained will be used for approximate calculation in the presence of 
certain assumptions, similar to those assumed earlier in the theory of the ordinary traveling 
wave tube [3, 4]. 

We separate from the standing wave existing in the transverse cross section of the sys- 
tem without the electron beam the wave traveling in the direction of possible motion of the 
electrons, and characterize this wave by a field Eyy, Hyj, which we call the auxiliary field. 
Assuming that the field component Eyqx of this wave is described by the expression 


Et, = Egg (y) ete ie, (6) 


we can, using the relations derived from Maxwell's equations 


E fis 4 PE rr EB S 4 PE rr. 
iy k2 — B? Ox dy ’ IIz k2 — Be Ox Oz ’ 
i 0 roe = OE TT 
Pig, ae Oe (7) 
IIy 2 — p2 Oz IIz 2 — B ay” 


where k= wVep is the phase constant of the medium, express their remaining components 
of the auxiliary field in terms of Eyyx. * 
The presence of an electron beam perturbs the auxiliary field, which results in the 


sought field Ey, Hy. Using for the previously introduced component E9, of the sought field 
of the traveling perturbed wave the expression 


Eg = Eg (y) (8) 


and confining ourselves to the case of small signals, we obtain from the electron-ballistics 
equations by the well known procedure [4] 


. joeqF,.. Ne TgE,,. 
= CamoR TG? Me ee Cie ETS ®) 
In formulas (9) we use the notation 
_ elo ess oO 
ae ih es (10) 


where e, m and Ug are the charge, mass, and dc components of the electron velocity respec- 
tively; ig is the dc component of the electron current density. 

Let us assume that the components E9 and Hy of the sought field can be expressed in 
terms of Egx by means of formulas such as (7) subject to the condition that the field depend- 
ence on the coordinates is given by (8). We can then reduce relation (5), by using (6) — (9) 
and certain transformations that contain no approximations, to the form 


b b 


2 


(v? -L 8?) oe (== ; 2) (x? + wv) of ‘ . 
eae ie + JW | Los | dy + apg Bon dy + 
b b 
rv =ae)Ta oe weg . Fc bl ll 
"w+ Tho +1 em | Boel! OYE GE Thay ET Ben oy 


We confine ourselves to an electron beam with sufficiently small current density (the 
perturbation that it introduces is small). In this case v ~ j Bo, Y= jwo and the product 


jyWo under the integral sign in the first term of formula (11) can be replaced by wo. Using 
the relations that hold true in the absence of the beam 


*The wave traveling in the x-axis direction is an E mode. 
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ox = > Re (Enry Hitz — Eqr2H tty), 
b b 
' E28 
Pees \ Woody = ee } | 

‘ | andy = oe aa Fe | + wil Lox) ay, (12) 

: b b 
eee Vy feed gl ; gals Bw) 
0 5) € (Eq1xH try) Po Me dy = 2 (k* — Be) — Be) \ Ex | dy, (13) 


we can reduce (11) to the form 


to 


Bo) [(v + 7k,)? + Tq] + (7? + we) et: ev + 


+(e + uy N + (rw —u) MIT 9 +4 ott lay =0, | (14) 
eons 


1 


where 


be 


P 5 eee )? dy 
at Bye Bo 5 ce, by 
sla NaN (15) 
és Wiitehes Pedy 
0 


At small beam current densities the third term of (14) goes not play an essential role 
and can be neglected. However, the similar term (v4 + Bo 2) Tq must be retained because it 
may combine with the last term of the equation. 

Taking the foregoing into account, we can rewrite (14) in the form 


(v? + Bo) {(v + jko)” + Tg] + (x? + wo) (Vv + hoy NV + 9 — | | Eox |? dy = 0. (16) 
0x 


This is the sought characteristic equation relating the unknown propagation constants 
v and y. é 


2. DISCUSSION OF EQUATION (16) AND ITS APPLICATION TO THE 
DETERMINATION OF THE PROPAGATION CONSTANTS 


In order to verify (16), we first apply it to the waveguide model of the TTI, which previ- 
ously has been analyzed sufficiently rigorously [1, 2], and which is characterized by the fact 
that the beam does not influence the dependence of the fields on the coordinate y, a lack of 
influence on which we based the above approximation. In this case bj = 0, bg =b 


b 
po i Te way yo Pas Ne 1 (17) 


3 
and in place of (16) we obtain 
(v? + B2) [(v + 7h)?-+ 9) + (7? + wo) (WE fo)? + 9 (k? — Bo) = 0. (18) 


The last equation coincides with the characteristic equation obtained for the waveguide 
model of the TTI (in comparing equation (18) with equation (16) of article [1] we must put 
Bo = mt/a, owing to the difference in notation). 

We note that equation (18) points to the necessity of retaining the term (v2 or pe Tq 


when equation (14) is simplified. 
On introducing the dimensionless quantities with the aid of the relations 
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v=—jR (+8), =—wi(i + 20), (19) 


2 


w 


n= Ma RSS (20) 
0 


equation (16) assumes the form 


Of -p 2 (2 — 0) 0? =p 4 (ln) eg) ae AN Oe) Oe a) ee 


+ (1—n) 2NRO—TM)] 5+ (1—n)?2N RO + MK, = 0, (21) 
where 
be ‘ 
Ko Se ie ee 
c <a | Eox |? dy (22) 


by 


is the coefficient of coupling between the electron beam and the slow-wave system. The 
coupling coefficient, defined by formula (22), is similar in meaning to the formula for the 
coupling coefficient of the ordinary traveling wave tube and the quantities contained in it can 
be regarded as being referred to a unit length of the system. A comparison shows that the 
more general characteristic equations of the TTI (21) differ formally from the correspond- 
ing equation of the waveguide model of the TTI (formulas (27) of article [1]) in the presence 
of factors N and TI in some terms. In the case of the waveguide model of the TTI, as 
already noted, n=T'=1. 

The value of I’ depends on the transverse dimensions of the electron beam and on its 
coupling with the slow-wave system. A sufficiently rigorous determination of T is a com- 
plicated matter and calls for special investigation. In the approximate calculations one can 
use in many cases (small coupling coefficients), apparently, values of I’ obtained for the 
natural modes in a free electron beam with specified dimensions [4]. 

The value of N depends on the structure of the slow-wave system. For complex struc- 
tures, the value of N must be determined. 

The characteristic equation of the TTI, unlike the case of the ordinary traveling wave 
tube, contains two unknown unknowns, namely the correction terms to the propagation con- 
stant [and @. Therefore, to find the propagation constants we must solve this equation 
simultaneously with the boundary conditions, which must be specified on the transverse 
boundaries of the system. The calculation procedure proposed in [1] can be employed also 
in the more general case considered here. If the boundary conditions are identical with those 
of reference [1], the previously obtained formulas can be directly used after replacing mz, 
M, and R by £oa, I'M, and NR respectively in all expressions, with the exception of the 
product MKg (a = transverse dimension of the system). 

In particular, for 7 = 1 it follows from formula (50) of article [1] and from formulas (15), 
(20), and (22) that 


bo 
BoaM K, BoaMas ¢ ‘ 
Re ¥ = saa = aE \ | Box fay. (23) 
Ea) 


1 


The last expression does not contain the quantity Pox: 

It can be assumed that the results previously obtained can be generalized to include 
cases when the periodic structure of the slow-wave system must be taken into account. For 
this purpose, in accord with the known traveling wave tube theory [5, 6], we must take P'ox 
and P'gz to mean the time-averaged power fluxes per unit length and width of the system 
respectively, produced by the aggregate of the spatial harmonics. In this case the sign of 
P'ox and P'), may differ from the sign of the phase constant of the operating spatial har- 
monics in the corresponding direction. 
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COMBINATION NOISE IN A TRANSIT KLYSTRON 
S.N. Kornilov 


We analyze theoretically the influence of combination effects on the noise level of a 
transit klystron operating as a frequency multiplier or amplifier. The conclusions obtained 
are applicable for an estimate of the ratio of the signal power to the noise power in the case 
of a multiplier klystron, a two-cavity amplifier, and a cascade amplifier with synchronous 
tuning of the cavities. The conditions are discussed under which the ratio of these powers 
is maximal. 


INTRODUCTION 


The purpose of the present work was to estimate the influence of combination effects on 
the noise level in a transit klystron used as a frequency multiplier or an amplifier. This 
question is of interest from the point of view of the loss of stability of the amplified or fre- 
quency-converted oscillation, In the present article we consider the effect of fluctuations of 
the beam velocity in an electron gun, operating in the full space-charge mode, and fluctua- 
tions of the exciter voltage. 


1. FORMULATION OF THE PROBLEM 


Assume that the input to a two-cavity transit klystron is an oscillation in the form 
U sin wyt + V(ty), where V(t,) is the random component of the voltage. The electron beam 
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+Y, proceeding to the input cavity of 
the klystron also fluctuates; its 
current is Ig + i(tj) and its ve- 
locity is vo + v(t1), where vo and 
Ig are the dec components, while 
v(t1) and i(tj) are the fluctuating 


Using t,+V(t) 


9 Hri(t) II components (Fig. 1). 
Yy* ott) | The distribution of all the 
t Collector fluctuating quantities at the input 
ere input output of the klystron will be assumed 
gap 8ap normal. It is our task to find 
the spectral density of the noise 
Fig. 1. Diagram to explain the conditions power at the output of the kly- 
of the problem. . stron operating in the nonlinear 


mode, i.e., at large values of 
the bunching parameter relative to the harmonic signal. The results obtained will thus be 
applicable to modes where the klystron operates as a power amplifier or a frequency multi- 
plier. The analysis is made by the spectral method, and the system regarded as one- 
dimensional. The space charge in the drift space is disregarded. 


2. INITIAL CONDITIONS 


In order to know i(t,) and v(t) we must specify a definite model of the noise process in 
the electron gun. Of greatest practical interest is operation in the space-charge mode. 
Under these conditions, the fluctuation occurring in the near-cathode region can be regarded 
as plane, so that the Llewellyn-Peterson formula [1] can be applied. We shall assume that 
the electron gun consists of two electrodes — a cathode and an anode — and operates in full 
space-charge mode. 

Considering the fluctuation process in a limited time interval from -T/2 to +T/2, we 
can obtain with the aid of the Llewellyn equations the connection between the spectral com- 
ponents of the fluctuations at the anode and at the cathode: 


eee oe hea ©) 
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Here ip(w), VT(wW), Vy-p(w) — spectral components of the functions, the instantaneous values 
of which we denote by i(tj), v(ty), vy(ty); i(ty) and v(t,) are the random components of the 


current and velocity at the anode of the gun; vx(t;) — random component of the velocity at 


the cathode; T; — mean transit time of the electrons from the cathode to the anode; it is 
assumed that wT 1 > 37. The phase @(w) has an equiprobable distribution. 
The spectral density of the mean square of the velocity fluctuations at the cathode 


hi 12a omens Savers 
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Here k is Boltzmann's constant and T; the cathode temperature. The electron gun may 
frequently have a complex construction, which can be approximated by a diode followed by a 
drift section. If the length of the latter is small compared with the effective wavelength of 
the plasma, then formulas (1) can be used also in this case, taking T, to mean the effective 
transit time, which is equal to the difference in the transit time in the diode and in the drift 
space: Ty, = Tg - Tgy- 

In the case of deviations from such a construction and from such an operating mode, the 
fluctuations of the current and velocity at the output of the projector will be determined not 
only by the velocity noise but also by the current noise in the near-cathode region. However, 
the theory of fluctuation phenomena at the potential minimum is at present not sufficiently 
developed to take consistent account of the current noise. Therefore it would hardly be 
justified to complicate the formulation of the problem, since the number of unverified as- 
sumptions in the initial conditions is increased. As regards the behavior of the real devices 
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with diode guns, from the point of view of the noise level the full space charge mode is 
favorable for such devices. 


3. SPECTRUM OF THE CONVECTION CURRENT AT THE OUTPUT 
OF THE KLYSTRON AND SIGNAL TO NOISE POWER RATIO 


The convection current at the output of the klystron is connected with the input current, 
as is well known, by a relation that follows from the charge-conservation principle: 


lh (3) 


where L is the order of multi-valuedness of the dependence of the exit time t; on the entrance 
time tg. If we confine ourselves to sufficiently small values of U/Uop, then tg is expressed 
in terms of tj in the following fashion: 
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where Up — drift potential; M, — coefficient of electron interaction; Ty — average transit 
time in the drift space; Vj(t) is the voltage induced by the noise current of the gun in the gap 
of the input circuit. Let us represent I9 in the form of a Fourier integral in the finite time 
interval T. Later on, after we derive the expression needed, we obtain the spectrum of the 
main square of I9 by going to the limit T-~. The inverse Fourier transformations, per- 
taining to functions specified on the interval from -T/2 to + T/2, will be designated by the 
subscript T. Thus, for the inverse transformation (spectrum) of the convection current I» 
we obtain 


eo dt. (4) 
k 


Replacing the integration variable tg by t; and using the smallness of the fluctuating terms, 
we can represent (4) in a form more amenable to computations 
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Representing {(t,) by means of a Fourier integral and expanding the integrand factor 
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where X = M,Uw,To/2Uo is the bunching parameter. 
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The summation extends over all integer values of n from -© to +. The function 
ft(w') is the spectrum of the process A(t), considered in the interval from -T/2 to + T/2: 


ee 
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where ip(w'), Vp(w'), Viq(w'), Vp(w') — spectra of the corresponding random functions, 


considered in the finite time interval. 
The spectrum of the exciter noise will be assumed, for. the sake of being specific, to 


be uniform; after it is filtered by the input cavity it can be represented in the form Vip (w') = 
= yet ei) |Vp (w')|. We assume that the phase w(w') also has an equiprobable distri- 


bution. In the last formula R, is the equivalent resistance of the input resonator, and Z4(w') 
is its total impedance. 


4. SPECTRAL DENSITY OF MEAN-SQUARE CONVECTION CURRENT 


The sought spectral density is obviously represented in the following fashion 


g,(@) = lim 7 [Fr (0) Fr (0) . (9) 
The superior bar denotes averaging over the ensemble, the need for which follows from the 
statistical nonstationary nature of the process under consideration. Changing the order of 
integration in (7) and substituting the resultant value in (9), we have 


$;(@ = , ( : 2 Me : 
a) =), PTs | 2X ) Is, | = x) lim fa [2x67 (© —no,) + 
lie (n) (n’) On On T><c0 


++ \ /, (o’) 5, [o’— (@ — no,)] do'| {228 (@ — n'y) + 


a \ Ty (0) 5, fo’ — (@ — n'y) do'| : (10) 


—co 


Here 67(Q) = — ( "dt, . The limit 57(Q) as T >= is equal to the delta-function 6(Q). 


Since the cavity at the input of the klystron is as a rule tuned to one of the harmonics of the 
signal, practical interest is attached to an investigation of the noise spectrum near the fre- 
quency Nw, where the N is the multiplicity of the harmonic filtered at the output. Within the 
limits of this band we can disregard all forms of frequency dependence, except resonance, 


: Ww 
i.e€., we can put Jy lon *) = Ji (NX) and w - Vo. (NV) Wr. 


After several simplifications and averaging, which owing to the equiprobable distribu- 
tion of the phases © and y in the fluctuating part of the spectrum leaves only series terms 
with equal indices n=n', the expression for gi(w) assumes the following form 
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Here 6w = Nwy, it being assumed that |6u] «K wy; p = (O1 - ©0)/Vo; 4 = (M1@0)/2Ug; S = 
= mM? ©0©1R1/2Rovo, where ©0 = wnTo; ©1 = wnT1; Ro = Uo/Ip is the beam resistance. The 
spectral density of the mean square of the velocity fluctuations at the cathode g), is deter- 


mined by the formula (2), and g, = lim a [Vip | 2 is the spectral density of the mean square 
T3020 


of the fluctuations of the exciter voltage. 
In the derivation we make use of the fact that the terms containing the total impedance 
Z1 of the input cavity as a factor have an appreciable value only in the vicinity of wy. The 
first term is proportional here to the power 
of the spectral line of the N-th harmonic of 
the determined signal. The second is pro- 


SMX opt) portional to the spectral density of the noise 
power at frequency uw, due to the correspond- 
Be ing portion of the broadband spectrum of the 


current and to a combination of the signal 


Fig. 2. Dependence of the function 
at €1(NX) on N with the bunching pa- 


palit rameter optimal for each N. 
2 4 6 8 W i & 16 18 20N 


harmonics with the frequencies of the broadband noise spectrum. The third term gives the 
component of the spectral noise density, connected with the effect of the narrow-band bunch- 
ing by means of the noise voltages acting in the input cavity. These voltages are, on the one 
hand, the noise voltages of the exciter, and on the other the voltages induced by the fluctuat- 
ing current of the gun. The first term appeared as the result of the correlation between the 
fluctuation current and the velocity at the output of the gun. Depending on the sign of the 
detuning of the input cavity, this term can either increase or decrease the total noise power; 
i.e., the correlation brings about asymmetry of the spectrum. 

The sum of the infinite series in (11) can be calculated by using the Neuman expansion in 
in squares of Bessel functions 
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We then obtain for the fluctuation part of the spectrum 
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Here 
B, (NX) = JX (NX) + JR (VX); 
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Z1(w, + 5w) is expressed in terms of the Q, of the input cavity and the relative detuning 


5w/wy: 
Fig. 2 shows the values of ,(NX) as functions of N under optimal choice of the bunching 
parameter X for each value of N; under these conditions €)(NX) vanishes for all N. We re- 


call that gj¢(w) is considered in the vicinity of the harmonics of the signal, with the input 


cavity tuned to the signal frequency. Fig. 3 shows an approximate picture of the spectrum 
resulting from formula (12). The broadband part of the spectrum is characterized by an 
increase in the intensity with frequency (proportional to N2). The narrow-band spectrum, 
due to the fluctuations and exciter noise induced in the input gap, decreases in intensity 


chnrstg (w), db 


Fig. 3. Approximate form of the spectrum 
of the mean-square convection current at 
the output of the klystron. The dashed 
lines denote portions of the spectrum which 
are not accurately described by formula 
(12), whichis derived under the assumption 
that w/Wy are close to integer values. 
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with increasing frequency. The spectral density of the mean square of the fluctuation voltage 
at the output gap is determined by the following expression 
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1+ (2Q, 2° Je 


\ Now n/ 
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Here Mg is the coefficient of electron interaction of the gap; Ro and Qg are the equivalent 
resistance and the Q of the output cavity, respectively. It is assumed that the cavity is tuned 


to the N-th harmonic of the signal. In addition to Sig (w) and gyf¢ (Ww), it is also interesting to 


consider the ratio of the signal power to the spectral power density of the noise at frequen- 
cies that are symmetrical with respect to the signal frequency: 
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5. DISCUSSION OF THE SOLUTION. NUMERICAL EXAMPLES: 
FREQUENCY MULTIPLIER, DOUBLY TUNED AMPLIFIER, 
CASCADE AMPLIFIER WITH SYNCHRONOUS TUNING 


It follows from (12) that in the general case the noise spectrum is asymmetrical. This 
is the consequency of the effect of the input cavity on the phase of the narrow band fluctua- 
tions, which are correlated with the broadband fluctuations. The asymmetry is all the 
stronger, the farther the considered noise band from the resonant frequency; it vanishes 
when the bunching parameter is optimal for the given N, since €2(NXopt) =0. The noise 


level of the klystron increases with increasing output frequency; if N is constant, then the 
broadband part of the noise increases in proportion to the square of the input frequency. 
The power of narrow band noise, as follows from (12), is proportional to the fourth power 
of the frequency. Actually, however, the frequency dependence is weaker, for the cavity 
parameters, the perveance, and the klystron geometry also change with changing range. 
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Practical interest attaches to two cases: in the first the specific nature of the operation 
of systems with klystrons is such that noise whose spectrum is concentrated near the carrier 
is of greatest importance. In the second case we are interested in noise bands situated ata 
_ distance of several tens of Mc from the carrier. We disregard in the analysis some spe- 
cific low-frequency noise sources (flicker effect, vibration, rectifier ripple). The formulas 
are therefore not applicable to the calculation of the spectral density of noise very close to 
the carrier frequency. They do make it possible, however, to calculate the noise level in 
that part of the low-frequency spectrum where the effect of these sources becomes weaker, 
i.e., at distances on the order of 104 — i0° cps). Let us assume that there is no exciter 
noise (gy = 0). Then, using the smallness of 6w, we can approximately write expression 


(12) for giw): 
Sif ( ‘ xe 799 = ry\7 9 
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Substituting here the values of s, p, and g,; we obtain 
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Let us give a few specific examples. 
a) Multiplier klystron. Let us consider the noise properties of a multiplier klystron as 
the multiplication factor is varied by retuning the input, at a constant setting of the output 


cavity (Nw, = const). We specify parameters characteristic of the low-power multiplier 
klystron, operating in the three-centimeter band (see, for example, [2]): Up = 2000 v, 


Ip = 50 ma, N61 = 100, NO = 35, Ri = 50kohm, Mj = 0.95, Qy = 1000, Qo = 1000. We allow 


certain arbitrariness in the computations, by assuming that R; and N; remain constant as 
the input frequency changes. 
In Fig. 4 we show on a logarithmic scale the coefficients 


= (42) 009, 
4 


BP Da ECW Ne 
dy = &, (.VX) (Soe | ; 


which characterize the relative shares of the broadband and narrow-band noise for different 
N; for each N we assume X to be optimal. We see that the influence of the narrow-band 
noise rapidly decreases with increasing multiplicity. Fig. 5 shows the ratio of the signal 
power to the spectral density of the noise power, calculated by formula (14). It is prac- 
tically independent of N. 


lgg,,lga. 
ew Fig. 4. Dependence of log aj and log ag on N, 
ig a, characterizing the relative share of the broad- 
band and narrow band noise in a multiplier 
klystron at constant setting of the output cavity. 


The dependence of y on the bunching parameter 
X is shown in Fig. 6 for N= 10. The greatest signal 
to noise power ratio is obtained in the region of 
optimal values of the bunching parameter. 

Let us see now how the multiplier converts the 
noise of the exciter. We assume that the exciter is 


the only source of noise; it then follows from (12) that 
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where Y, = Te is the ratio of the signal power to the spectral density of the noise power of 


the exciter. At optimal excitation, y/Ve is quite close to unity over a wide range of N; i.e., 
the signal/noise ratio of the exciter is transformed by the multiplier without modification, 
regardless of the multiplication parameters. In an analysis of noise far from the carrier, 
this statement becomes incorrect; in this case the signal/noise ratio may be improved by the 
filtering in the cavities. 
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Fig. 5. Dependence of the ratio of the signal power to 

the spectral density of the noise power on N at the output 

of a multiplier klystron at constant setting of the output 
cavity. 


Fig. 6. Dependence of the ratio of the signal power to 
the spectral density of the noise power on the bunching 
parameters for a tenfold increase in frequency. 


If the multiplier klystron operates as a heterodyne, it is required to know the absolute 
value of the noise power at a distance from the carrier equal to the intermediate frequency. 
With the bunching parameter optimal, the noise spectrum is symmetrical about the carrier; 
it is therefore sufficient to calculate the spectral density in one of the mirror points. For 
the klystron considered here, with N= 10 and 6f=40 Mc the noise power in a band of 
1 Mc is on the order of 10-12 watt. This figure is obtained assuming optimum coupling 
between the output cavity and the load and optimum bunching parameter. The exciter noise 
is disregarded. 

b) Two-cavity amplifying klystron. Let us specify typical parameters for an amplifier 
klystron of medium power in the three-centimeter band (we use data published in [3]): 


Uy = 6000 v, Ig = 450 ma (P ~ = 400 w), Ry = 50,000 ohms, M2 = 0.55, @ = 14, Qo = 16.5. 


Using formula (15) with N= 1, we calculate gig (w) near the carrier, assuming that the 
bunching parameter is optimal (X = 1.84). 
The result is 


Sf (0) = (0.95 + 107 + 0.48 - 10) Ze 


The first term reflects the role of the broadband noise, while the second represents the 
narrowband noise. The spectral density of the narrowband noise is three orders of magni- 
tude greater. This appreciable difference is due in this case to the closeness of ©] and Go, 
the difference between which determines the spectral density of the narrow-band noise. 
However, even if one of these angles is small compared with the other, the narrow-band 
noise remains one order of magnitude greater than the broadband noise. This is typical of 
an amplifier klystron. Corresponding to this value is y = 192 db [formula (14)]. This figure 
is considerably better than in the multiplier example considered earlier. The reason for it 
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is the high power rating of the device [the increase in the potential and current on the beam 
makes it possible to increase the signal power while retaining the same order of fluctuation 
power, as follows from formula (15)]. Fig. 7 shows the variation of y as a function of the 
excitational level of the klystron. The transformation coefficient of the excited noise is 
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Wy) two-cavity amplifier klystron. 
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close to unity in the case of the amplifier, just as it is in the case of the multiplier, for 
optimal excitation, independently of the values of the instrument parameters. 

c) Cascade klystron in the synchronous-tuning mode. It was noted earlier that the 
narrowband noise component predominates in the amplitication mode. This enables us to 
use the derived formulas for the calculation of the combination noise in a synchronously 
tuned cascade klystron. 

Neglecting all the current components induced in the output cavity, except the one exist- 
ing as a result of the velocity modulation in the preceding gap, we can consider the output 
stage of the multi-circuit klystron as a two-cavity klystron, the current in the input gap of 
which has a fluctuating component that is amplified by a factor K; compared with the compon- 
ent at the output of the gun, where K; is the current gain of the stages preceding the final 
stage. Consequently, the ratio of the signal power to the spectral density of the noise power 
in a cascade klystron decreases as Kj“: 


ie (16) 
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By way of illustration let us consider a cascade klystron having the same parameters as 
the two-cavity klystron considered above; we assume that when four cavities are used we 
have Kj = 50 db. This corresponds to y;, = 142 db. 

It is natural to ask: what should be lore tO guarantee a maximum signal to noise power 
ratio in these devices? Let us examine formula (14) from this point of view, with particular 
attention to the region of frequencies close to the carrier frequency, and assuming the ex- 
citer to be noiseless: 
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An analysis of this formula, which is valid when the gun operates in the full-space- 
charge mode, leads to the following conclusions. 

1) The more powerful klystrons (and consequently those with the higher voltages) guar- 
antee a higher signal to noise power ratios than the less powerful ones. 

2) It is desirable to use low-temperature cathodes. 

3) In amplification, as indicated above, the decisive role is played by the narrow-band 


noise, the power of which is proportional to M?@0@1 Ri/Ro. In designing a klystron for a 


specified power and gain, the quantities obtained in these expressions are sufficiently well 
defined, and it is therefore difficult to reduce the noise level by choosing these quantities 
without deteriorating the parameters of the amplifier. It is more convenient to change the 
construction of the gun in such a way as to guarantee a minimum of the convection noise 
current exciting the input cavity. This can be done by using the same principles as are used 
in traveling-wave tubes and in low-noise klystrons intended for preamplification [4]. 

4) In the case of frequency multiplication by a large factor, when the basic role is played 
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by the broadband noise, the noise can be reduced also in the case of a diode-type gun, by 
reducing the different ©] -QG0. If the space charge in the drift region cannot be regarded as 
sufficiently weak so as to be able to use the derived formula directly, the qualitative pic- 
ture nevertheless remains the same; in view of the difference in the signs of the velocity 
modulation at the cathode and at the anode of the gun, it is always possible to find a com- 
bination of Q1 and Oo such as to guarantee a minimum noise. 

A consistent account of the space charge in this problem is exceedingly difficult because 
it becomes necessary to regard the bunching of a broad spectrum of fluctuations in the pres- 
ence of a strong signal and its harmonics. This gives rise to many problems which have not 
been solved at present even for the simpler cases. 

Inasmuch as we are essentially interested in the signal to noise power ratio, it appears 
that an account of the repulsion should not greatly influence this result. 

In real klystrons there can appear types of noise other than those considered above. 
These include ion noise, current distribution noise (which is particularly strong in tubes 
having grids), and secondary electron noise. 

Consequently, before one improves the properties of the klystron from the point of view 
of noise due to current fluctuations and electron velocity of the cathode, it is essential to 
verify that everything has been done to get rid of the foregoing additional noise. The best, 
from this point of view, should be gridless klystrons with good current transmission. 
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FREQUENCY PROPERTIES OF NEGATIVELY BIASED 
GERMANIUM DIODES WITH WELDED CONTACTS 


S.N. Ivanov, N.E. Skvortsova, Yu. F. Sokolov 


The frequency properties of diodes of n and p germanium with welded contacts are ex- 
perimentally investigated under inverse voltages. It is shown that the series resistance does 
not depend on the frequency in the microwave band, but does not agree with the low-frequency 
value. The leakage resistance differs from the low-frequency value of the barrier-layer 
resistance. 


INTRODUCTION 


Interest in the use of semiconductor diodes under inverse high-frequency voltages has 
recently increased appreciably [1, 2]. In most papers devoted to this question, the diode is 
represented by a capacitance C' in series with a resistance Rj (Fig. 1), where Rj is fre- 
quently identified with the series resistance r, [3]. Such a representation is a rather crude 
approximation. It can be shown that if we start 
with the complete equivalent circuit of the contact 
(Fig. 2), where R is a resistance shunting the 


é 
(6 Ry 
Fig. 1. Equivalent circuit of Fig. 2. Complete equivalent 
rectifying contact of the diode circuit of rectifying contact 
at microwave frequencies of diode at microwave fre- 
under negative bias. quencies. 


barrier-layer capacitance, * the value of which satisfies the inequality R > 1/wC then 


ae! | 
Ray ee nan ae (1) 


/ 


Under certain conditions, namely if R ~ 103 ohms in the microwave band, the second term in 
the parentheses of the right half of (1) can be comparable with unity, even if R > 1/wC.** 
In this case, according to (1), Rz should depend on the frequency. Experimental data on the 


*Since the nature of this resistance remains undecided as will be shown below, we shall 
briefly call it the leakage resistance. 
**When this inequality is satisfied we have C ~ C'. 
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frequency dependence of Rj, which are in good agreement with (1) if we assume that R ~ 10° 
ohms, are given in [4]. 

A few remarks should be made concerning the equivalent circuit of Fig. 2 and concerning 
expression (1). If we start the analysis of the magnitude and frequency dependence of Rj with 
equation (1) and assume that R is the resistance of the barrier layer, we must presuppose 
that R decreases sharply with increasing frequency. In fact, on dc we have Rg ~ 10° — 10 
ohms, which differs by three or four orders of magnitude from the value of R at microwave 
frequencies. In [4, 5] an attempt is made to attribute the low value of R to the effect of sur- 
face leakage in the microwave band. 

We note also that nothing is mentioned in the papers known to us regarding the frequency 
dependence of rg, and furthermore apparently so far there is no unified point of view on how 
rg is to be defined at microwave frequencies. 

It is clear from the foregoing that a systematic investigation of the frequency dependence 
and the dependence on the inverse bias of the contact parameters rg, R, and C is a timely 
problem, for such investigations may help establish the physical causes that determine the 
value of Rz and cause it to be frequency dependent. 


1. OBJECTS OF INVESTIGATION 


In the present investigation we studied the frequency properties of diodes made of n or p 
type germanium with welded contacts (in hemispherical geometry), made in accordance with 
the technology described in [6]. In addition, we investigated diodes with ohmic contact, * 
made of p-type germanium in accordance with precisely the same technology as the n-type 
germanium diodes (i.e., we used material with the same specific resistivity, with contact 
wires made of the same batch, and under identical welding conditions). It can be assumed 
here that the geometry of the ohmic contacts and of the contacts with barrier layer was the 
same, i.e., the mean values of rg determined for the ohmic contacts and for the barrier- 
layer contacts should coincide in the mean if the physical nature of the resistance rg does 
correspond to the prevailing notions. 


2. MEASUREMENT PROCEDURE 


a) Low-frequency measurements. We determined the series resistance : at low fre- 


quencies by extrapolating the dependence of the differential resistance in the forward 
direction 


Ro (I)=rsi +> (2) 


to, 1/1. 0. 
This method of determining oe can be subject to the following objection: if it is assumed 


that when the current flows through the barrier in the forward direction an important role is 
played by the injection of the minority carriers, then at large forward currents, when the 
injection level is high, ''conduction modulation" of the semiconductor layer may start. If 
such an effect exists, one should observe a deviation of the function Ro(1/I) from linear, 
and equation (2) no longer applies. However, no such deviation is observed in experiment 
as the current is varied from 100 to 5000 wa; i.e., the conduction modulation was insig- 
nificant in our research. 

b) High frequency measurements. Measurements of the contact impedances Z at micro- 
waves were carried out in the frequency range from 3-109 to 6-1010 sec-1. The procedure 
for measuring Z is described in [7, 8]. Determination of the contact parameters rg, C, and 
R was in accordance with the equivalent circuit of Fig. 2. Since there are no descriptions 
in the literature of methods for determining rg at microwaves, we shall discuss this 


*By "diode with ohmic contact'' we mean here a construction similar to an ordinary 
semiconductor diode, in which the barrier layer is replaced by an ohmic contact. More de- 
tails about such diodes are found in [7]. 
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question in greater detail. Three methods can be proposed for determining r, at micro- 
waves. 
1) Determination of rg by measuring the impedance Zohm Of diodes with ohmic contact. 


The prevailing notions concerning the nature of the series resistance of the contact lead to 
the following expression (for hemispherical contacts) 


r= a (3) 


oa 


where d is the diameter of the contact and p is the specific resistivity. 

The resistances rg ohm Of diodes with ohmic contact should on the average be equal to 
the series resistance of the corresponding diodes with barrier layer. Since the active com- 
ponent of the resistance of the ohmic contact is rg ohm, the latter is defined as ReZohm: 

2) Determination of rg by extrapolating ReZ to large currents. According to the equiv- 


alent circuit of Fig. 2 


ReZ =r, ae (4) 
The dependence R(I) is such that R-0asI- [9]. Starting from this, we can determine rgj 
if we plot ReZ vs. 1/I and extrapolate it to 1/I-0. As regards the question of conduction 
modulation, the arguments advanced in item a) of the present section, in connection with the 
method for determining rg;, remain in force. 
3) Determination of rg from the value of the capacitance C. In the investigated diodes, 


the capacitance has the following dependence on the inverse voltage U: 


Ge eqN 
a) eee a 


where e— dielectric constant, q — electron charge, N — concentration of impurities in the 
n region, and ~ — contact potential differences. From (3) and (5) it follows that 


eee 
nVC= Ap UY 7 (6) 


where A is a constant. For a given po, the values of N and @ are fixed and equation (6) with 
U = 0 assumes the form 


r,V C = const. (7) 


From this we can determine rgce from the measured value of C. 
3. RESULTS 


Experimental investigations of the frequency variation of contact resistances of diodes 
made of n and p germanium show that the character of the main relationships is the same for 
these diodes. It is therefore advantageous to describe the results obtained for the frequency 
and bias-voltage dependence of rg, C, R, and R, for both types of diodes simultaneously. 

1) Series resistance. The determination of rg was by the methods described in Section 2 
(division b, items 2 and 3). For one series, analogous diodes (i.e. , having the same pand d) 
with ohmic contact were investigated. In addition, we determined the value of rg; for all the 
diodes. 

The experimental data are listed in Tables 1 and 2. Fig. 3 shows typical variation of 
ReZ with 1/I at different frequencies for one of the diodes. 

The main results, as can be seen from the tables, are as follows: ’ 

1. The values of rgi, Pgc, and rg ohm are independent of the frequency in the investi- 
gated microwave band and are of the same magnitude, with good degree of accuracy. 
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2. The values of ro for all diodes are less than corresponding values of rgj at micro- 
waves, whereas rg ohm On de and at microwave frequencies are in good agreement. 

3. The values of rg for diodes made of p germanium are higher for diodes made of n 
germanium for equal impurity concentrations and contact diameters. 


Table 2 
Table 1 
Series Resistances Comparison of Series Resistances 
me Caraninmp=type of Contact Diodes Made of n and p 
Ee omsoh eis Of cde ohm -cm Type Germanium 
C,=0,3 pout Co=1,5 pt 


(N = 5-1016 em=3, d ~ 23 mp) 


; 


"no rec 


0 
0.59- 100 
d. 


23-1010 15 


94-10 
5.9 -1010 ) ) Note: The asterisk denotes the mean‘value of 


Note: The asterisk denotes the mean value o Measurements made at different frequencies 
measurements made at different frequencies 


2) Barrier layer capacitance and leakage resistance. Fig. 4 shows a typical dependence 
of the capacitance of the rectifying contact on the diode inverse voltage. Each point is the 


mean value of the capacitance obtained from measurements at seven frequencies in the 
microwave band (w = 3: 109 = 6- 1010 sec-1), The dependence of 1/C2 on Uiny is shown 
in Fig. 5. 


Re Z, ohm 
20 


cut 


ai 


eee ae QS 
0 ogee Ee ee ee 


2 10 05 /,ma"? 9 05 (0 15 20 
Yinw V 
Fig. 3. Experimental depend- Fig. 4. Dependence of the contact capacitance 
ence of ReZ on 1/I in the forward on the inverse voltage. 


direction at different frequencies: 
1 — w= 0.63- 1010 sec7!; 
2 — w = 0.82 1010 see-l, 
3 —w=5.9-1010 sec-l, 


It follows from the foregoing results that the capacitance of the rectifying contact is in- 
dependent of the frequency and is proportional to (Qc Uy oe 2;i.e., as expected, this isa 
charge capacitance. 

It is necessary to stipulate beforehand that R can be determined only for those diodes in 
which the loss resistance Rj is considerably greater than Rg. In the case when Rj and rg are 
close in magnitude, the determination of R entails very great errors and was not carried out. 

Fig. 6 shows the dependence of R on the inverse voltage at different frequencies. It 
follows from the curves in Fig. 6 that R increases with increasing inverse voltage, differs 
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grgatly from the low-frequency value of the barrier-layer resistance, and amounts to about 

10 ohms in the investigated range for diodes made of n and p germanium. The data ob- 
tained agree with the results given in [4,5]. The interpretation of the results proposed in 
these Papers 1s in our opinion insufficiently convincing, for to explain the experimental data 
it becomes necessary to introduce a series of parameters which cannot be determined by 
independent observation and cannot explain the experimental results in a wide range of 
frequencies. Actually, if we start from the equivalent circuit of Fig. 3b of reference [4], 


f, ohms 
hue | in i} , 
1 / 
/ 


| 
| 


Vinyvs Vv 


Fig. 5 Fig. 6 


Fig. 5. Dependence of 1/C on the inverse voltage. 


Fig. 6. Dependence of the résistance R on the inverse 
voltage for different frequencies: 
1 — w=6.5- 10% sec7!; 2 — w=2- 1019 sec“; 
3 — w=5.9- 1010 sec-l, 


then at sufficiently low frequencies (w ~ 10 108), when Rgi « 1/wCsg, the capacitance of the 
diode should be Cg >> Ct. This is not observed experimentally. Apparently, the data avail- 
able at present are insufficient to establish the nature of the leakage resistance R. 

3) Loss resistance. Fig. 7 shows the frequency dependence of Rj.* The dependence of 
Rj on the voltage for a diode with Co ~1 pyf, at different frequencies is shown in Fig. 8. 
From an examination of the frequency and bias-voltage dependence of Rj it follows that for 
all the diodes: 

1) Rj decreases with increasing frequency. 

2) The smaller the initial capacitance of the rectifying contact, the greater the frequen- 
cies at which Rj is no longer dependent on the frequency. In the frequency region where Rj 
is independent of the frequency, it coincides with good accuracy with the series resistance rg. 

3) The loss resistance increases with increasing inverse voltage on the diode. This 
dependence is more strongly pronounced for the low-frequency region of the investigated 
range. 

4) The loss resistance Rj has the same frequency dependence for diodes made of ger- 
manium with different types of conductivities. 


*In Fig. 7 R, corresponds to Ujny = 0.5 v, for at lower voltages errors are possible be- 
cause the condition for small signal mode at microwave frequencies is not satisfied. 
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Fig. 7. Dependence of loss re- 
sistance on the frequency. 


1) Ry; 2) rg (1,2 —n Ge diode 


Co~0 ahd ee 

3) Riles 4) Ygi (3,4 —n Ge diode 
Coi0; sla: 

5) IRS O) tse (Or p Ge diode 
Co ~ 0.8 wf). 


519" 


4. DISCUSSION OF RESULTS 


1) Series resistance. As stated in the introduction, one of the main purposes of the ex- 
perimental investigation consisted of determining the dependence of rg on the frequency. 

The results of item 1 of Section 3 show that, on the one hand, rg is independent of the 
frequency of the microwave band, and on the other hand it differs from rgj. It is impossible 
to attribute this discrepancy to the conduction modulation of the layer of semiconductor, for 
two reasons. First, as is indicated in Section 2, this modulation was insignificant in the 
experiments described, and second, even if it did occur, it should manifest itself in equal 
measure at dc and at microwave frequencies. 

Let us consider expression (3) for rg: 


It follows from this expression thatrg changes either when p is changed or when d is changed. 
Inasmuch as there is no modulation of 9, it must be assumed that the change in rg, is due to 
the change ind. We shall attempt to explain qualitatively the cause of this change. 

Essentially, rg is the resistance of that region of the semiconductor in which the current 
is determined primarily by the drift component. The boundary of this region in those cases 
when the diffusion current comprises an appreciable fraction of the current through the junc- 
tion does not coincide with the technological boundary of the rectifying contact, and is situ- 
ated a distance on the order of the diffusion length Lg from the latter. This diffusion length 
can be comparable with d (see Fig. 9). In fact, in a spherical layer of thickness 


i hae 


where T is the lifetime of the minority carriers, and D the diffusion coefficient, the current 
is essentially due to diffusion; i.e. , this region makes no contribution to the series resist- 
ance. The expression for rg should thus have the form 


ua = oh (8) 


The picture should be different at microwave frequencies. The diffusion component of 
the microwave current is confined to the region near the technological boundary of the 
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00 


200 


Fig. 8 


Fig. 8. Dependence of the loss resistance on the inverse voltage 
on the diode (n type germanium, Co ~ 1 wyf): 
1—qw=3: 109 sec7l; 2-wW2 1010 sec7l; 3 — w=1.55: 1010 sec7!; 
4 — gy = 5.9- 1019 sec-1, 
Fig. 9. Rectifying contact: 


1 — layer of semiconductor; 2 — semiconductor region that does not 
contribute to the de series resistance; 3 — contact whisker. 


é 
junction, with thickness L w~ VD/w [10]. Estimates show that in the investigated band we 
have Ly << d, and thus r, is determined by formula (3) (where dis the contact diameter) 


and is independent of w. 
Thus, the ratio of rgj measured at microwave frequencies to 19, should, in accordance 


with (3) and (8), be equal to 
lst f Pile 

som =1+ ois (9) 
An estimate of the quantity Lg and consequently T leads, in accordance with (9), to values 
7 ~ 10-7 — 10-8 sec. Inasmuch as rgc and rg ohm are determined by the same equation (3), 
the agreement between the experimental values of rgj, rsc, and rg ohm 48 well as their 
independence of w are quite legitimate. * 

A comparison of rg for specimens made of n and p type germanium with identical im- 
purity concentrations and with identical contact diameters has shown, as expected, that rg is 
smaller for n type germanium, since the mobility of the majority carriers in n type ger- 


manium is greater than in p type germanium. 
2) Loss resistance. Let us see now what determines the frequency dependence of Rj — 


the frequency dependence of rg, the dependence of R and C, or the dependence of all these 
quantities simultaneously. 


*To confirm the validity of the proposed interpretation, it is interesting to investigate 
the frequency dependence of rg near frequencies w ~ 1/7. 
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The frequency dependence of R;7 and the difference between R] and ro; are due both to the 
fact that rg has different values at high and at low frequencies, and by the frequency depend- 
ence of R (the strong decrease in R at microwave frequencies, compared with the low-fre- 
quency value Ro). 

Inasmuch as R is of the same order of magnitude for all the diodes (R ~ 103 ohms), the 
second term in the parentheses in the right half of (1) should contribute to R/ up to high fre- 
quencies if C is small, compared with the case of large C. Thisis experimentally observed. 

The authors are grateful to S.G. Kalashnikov for useful discussions and for critical 
remarks concerning this paper. 
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CAPACITANCE AND SERIES RESISTANCE 
OF GERMANIUM DIODES 


V.S. Bagaev, A.A. Zherebtsova, V.A. Pavlenko 


We give the results of measurement of capacity and resistance of germanium diodes, 
made by fusion and diffusion methods (fixed-impurity junction and diffused base diodes). 
The diode capacitances were measured at three frequencies: 130 kc, 40 Mc, and 1830 Mc, 
depending on the bias voltage, and are independent of the frequency within the limits of 
measurement accuracy. The series resistance of the diodes is independent of the bias 
voltage and has one and the same value at 40 asat1830 mc for fusion p +-n diodes etched in 
hydrogen peroxide and diffusion n *lp diodes etched in SR-r, whereas in the case of diffusion 
diodes etched in hydrogen peroxide the values of the series resistance are 2 — 5 times larger 
at the lower frequency. 


INTRODUCTION 


The diode can be represented by means of an equivalent circuit (shown in Fig. 1), where 
rs — series (base) resistance of the diode, C and R — capacitance and differential resistance 
of the p-n junction, L — inductance of the contact spring, Ce — capacitance of the cartridge 
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(between the nipples). This circuit is applicable up to very high frequencies, so long as the 
linear dimensions of the diode are small compared with the wavelength. At low frequencies 
(100 ke) the circuit simplifies somewhat; i.e., the diode can be represented by the equiva- 
lent circuit shown in Fig. 2. 


nae 
R 
Fig. 1. Equivalent circuit of para- Fig. 2. Equivalent circuit of 
metric diode. diode for low frequencies. 


To determine the parameters of the circuit, we made measurements at 130 kc, 40 mc, 
and 1830 mc. The measurement at the highest frequency enables us to determine rg, C, L, 
and C,. The values of rg and C were measured as functions of the inverse bias, assuming 
that R >> 1/wC. We used here a method based on measuring the voltage standing wave co- 
efficient and the shift of the minimum in a line terminated by a complex load. From the 
measured quantities we calculated Yjn — the input admittance of the diode, and also Y,l = 
= jwCc — input admittance at no load, and Yge = jwCe + 1/jwL — input admittance measured 
under short circuit conditions. The quantities rg and C were determined from the relation 


a 1 4 
Fs] = ‘ 
oC Yin" Ws il 


The accuracy with which rg and C were determined was + 10%. 

A block diagram of the apparatus is shown in Fig. 3. The modulation frequency was set 
by means of audio oscillator (1) (ZG-10), which synchronized the operation of square wave 
generator (2) (GIP-1). From this generator the pulses were fed to the modulation input of 
the GSS-15 generator (3), and were also used as a reference voltage at the input of synch- 
ronous detector (8). The GSS-15 generator fed the measuring line (4), to the end of which 
was connected the investigated diode (5). The detected signal from the probe of the measur- 
ing line was fed to a 28 IM amplifier (7), and frém there to a synchronous detector (8). The 
gain in sensitivity was due to the reduction in the noise bandwidth to 1 cps. The need for 
higher sensitivity was brought about by the large values of the measured VSWR. 


Fig. 3. Block diagram of apparatus for measure- 
ment of total input impedance of the diode: 

1 — audio generator; 2 — pulse generator; 
3 — microwave generator; 4 — measuring line; 
5 — holder with diode; 6 — circuit for applying 
bias voltage to the diode; 7 — amplifier; 8 — 
synchronous detector; 9 — indicating instrument; 

10 — stabilized rectifier. 


At 130 ke, we determined C and R likewise as a function of the inverse voltage. The 
measurement was by means of a twin-T bridge with a capacitance measurement accuracy 
of 0.2 yuf. Measurements at 40 mc, which were made with a Q-meter of increased sensi- 
tivity, gave a certain idea of the frequency properties of the diode parameters Rg and C. 


EXPERIMENTAL RESULTS AND THEIR DISCUSSION 
A study of the static characteristics of the diodes was made in accord with the proper- 
ties of the initial material, the manufacturing technology, and the geometrical dimensions 
of the diodes. Figs. 4 and 5 show a log-log plot of the capacitance on the applied inverse 
voltage for fusion and diffusion diodes at 130 kc and 1830 mc. The same figures show the 
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values of the capacitance obtained with a bias of -2 volts at 40 mc. As can be seen from 
Figs. 4 and 5, at these frequencies the values of the capacitance agree for all the investi- 
gated diodes and are within the limits of measurement accuracy. 


Cp 


Fig. 4. Dependence of the capacitance 
on the inverse voltage for a fusion diode 
(diode No. 58, n = 2.05): 

1 — measurement at 130 kc; 

2 — measurements at 1830 Mc; 

3 — measurements at 40 Mc. 
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Fig. 5. Dependence of the capacitance 
on the inverse bias for a diffusion diode 
(diode No. 61a, n = 3.15): 

1 — measurements at 130 kc; 

2 — measurements at 1830 Mc; 

3 — measurements at 40 Mc. 


Using portions of the curves in the voltage region where U > »* (U — external voltage 
and »~* — additional potential difference [1]) we can determine the values of the exponent for 
i 


C=au ™ 


Fig. 6. 


We can then use the plot of C " = B'U to determine y*, as can be seen from 


c/oue 
110 


— 4 4 = ee ee = 
LST) TS Se PI UE ALES SG a Su) Le 


me Uany: 
Fig. 6. Dependence of the reciprocal of the capacitance raised 
to the n-th power on the inverse voltage. Diode No. 56, n = 2.2. 


The values of »* obtained from experiment and calculated from the formula {1] 


‘ k Ni 
g =U,—U;,= sig ple 
q ne 


with account of the volume inversion layer at 8=1, are respectively 0.23 and 0.34 volts for 
fusion diodes (with Ng = 2-1016 cm-3), and 0.28 and 0.37 volts for Nq = 3.5:1016 em-3, 
In this formula, Ug — contact potential difference, Uj — voltage drop across the inversion 
layer, k — Boltzmann's constant, T — absolute temperature, q — charge of the electron, 
Nd — excess concentration of the ionized impurity, nj — intrinsic concentration of the car- 
riers, 8 — factor indicating the relation between the concentrations of the mobile carriers in 
the inversion layer and in the volume. The foregoing formula is not valid for diffusion diodes. 
The values of the series resistance of rg, obtained by various methods, are summarized 
in Tables 1 and 2, which indicate the numbers of diodes, the breakdown voltages (v), the spe- 
cific resistivity of the initial material (ohm-cm), the area of the p-n junction (cm2), the 
thickness of the base (uy), the series resistance (ohm) calculated from the formula tg =0°l/S 


(where / — thickness of base, S — area of the p-n junction) and measured at 1830 and 40 mc, 
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rs, Ohms} c, uf 
No, of pee ane e 2 abe % s ca 
diode , oui , cm ‘FB | ohms! 4930 fe ai Notes 
an (cal.)| Mc | Mc | 
‘ l 
46 19 0,15 3,6-10-5 40 17 20 — 1S ears 
4u 19 0,15 3,4-10-5 40 18 13 — 0,6 | Fusion diodes 
56 16 0,12 8,2-10-5 50 7 6,0 — Zr etched in U909 
Sue 17 OM, 9,0-410-5 50 i 603) 4 ao) 
58 | 17,5 | 0.42 | 7,3-40-5 | 50 Sola Cte 2°0 
39 1H) 0,12 5, 2-105 50 6 oD 6 Pe 
69 17 |0,12| 4,7-40-5 | 50 | 13 | 1320] 48 1°5 
2 44 | 0,07] 30-10-58 | 35 aS Wi) 170 
64 1, 0,07 Sea ee 35 8 8,0 — nae) 


and the capacitance of the p-n junction at a bias of -2 volts. The formula for rg is valid for 
the employed technology of p-n junction production, within the framework of the accuracy of 
the measurement of rg, for both fusion and diffusion diodes. The thickness of the base / for 
d>dJ, where d is the diameter of the p-n junction, was estimated from the cross section of 
the specimen perpendicular to the area of the p-n junction visually under the microscope for 
fusion diodes, and by the thermal-probe method for diffusion diodes. 

The series resistance rg, measured at 
1830 Mc, remains constant at inverse biases 
ranging from 0 to 10 volts (Fig. 7). A possi- 
ble explanation is that the broadening of the 
p-n junction is insignificant compared with 
the thickness of the base. As can be seen 
from Tables 1 and 2, satisfactory agreement 
is obtained between the measured and calcu- 
lated values of rg for fusion diodes. For dif- 
fusion diodes, some values of rg agree with 
the calculated ones and others do not, and 
in the latter case the values of rg at 40 Mc 0 7 Fara 5 6k ed ee nO 
are 2 — 5 times greater than those meas- : : ep ely 
ured at 1830 Mc for the same diodes. The ae ee Bee ite Ud doock baeocale 
frequengy dependence of rg was noted in [2]. 
Since we have assumed that rg is the resist- 
ance of the base material, it is independent of the frequency. Consequently, in the case 
when the different values of rg do not agree, we must say that we have measured a certain 
equivalent resistance rg eq- 

Replacement of rg by rg eg for certain diodes can be explained in the following manner, 
using the experimental results. In fusion diodes with p* -n junctions etched in hydrogen 
peroxide, and in diffusion n* -p diodes etched in SR-4, no frequency dependence of Lg was 
observed (see Tables 1 and 2). When etching in hydrogen peroxide, an n-type surface is 


i ohms 


Table 2 


49a | 43° |.0,471 6,7-10-8 | 95 1 6 “| 7,5 | 40 1,2 | 

45a 43 mee rice is 2 fe tS ai Diffusion diodes 
6ia_ | 12,5 | 0,013} 1,6-40- oe , 5, eae 
62a | 12°5 | 0,013} 3,0-10-4 | 150 | 0,65 | 2,2 | 9 | 10,0 oe ee pee 
70a 12,5 | 0,013) 7,2-10-5 S5m|ObS ak Sit 6 2,2 | (19a-70a) 

13 19° |0,02| 5,3-40-3 | 70| 3 | 4,6] 4 2°) | Ugdg (13-20) 
14 19. |0,02| 9.3-403 | 70) 2 | 2,5] 3 iio 

15 fo alot on! aaticss” |" "70 slat 1h 6 1,0 | 

20 49) / sO, O2nhi-Bi5ihO=8 ye] 215004 ey by 6 pBy [eed 2°90 | 


always formed on the germanium, whereas etching in SR-4 always produces a p-type sur- 
face [3]. Consequently however, we can assume that on the p-side of diffusionn” -p diodes 
etched in hydrogen peroxide there is formed a surface inversion layer, which enables us to 
explain the frequency dependence of rg eg [2]. In the case of fusion p* -n diodes etched in 
hydrogen peroxide and diffusion n* -p diodes etched in SR-4, apparently, no surface inver- 
sion layer is produced on the high-resistance side of the junction. 

The authors are grateful to B. M. Vul for guidance of this project and for a discussion of 
the results. The authors are grateful to N.E. Skvortsova, Yu. F. Sokolov, and S.N. Ivanov 
for a discussion of the results. They also thank Yu.N. Koroleva, L.M. Novak, andG.P. 
Proshako for preparing the specimens. 
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VOLT-AMPERE CHARACTERISTIC OF TUNNEL DIODE 
V.L. Bonch-Bruevich, P.S. Serebrennikov 


Taking into account the inhomogeneity of the field in the junction ana assuming complete 
degeneracy (T = 0), expressions are obtained for the volt-ampere characteristic of a tunnel 
diode both for direct transitions and for transitions with scattering on phonons and impurities. 


INTRODUCTION 


The investigation of the volt-ampere characteristic of a tunnel diode has already been the 
subject of several papers (see, for example, [1, 2, 3]). Nevertheless, in our opinion no 
completely satisfactory solution of the problem has yet been presented. In reference [1] is 
considered an intentionally simplified ("caricature") variant of the calculation, in which no 
account is taken of the dependence of the transition probability on the position of the electron 
in the band. This did not interfere with a determination of the point of the minimum current 
but the expression for the maximum, as will be shown later on, turned out to be incorrect. 
In [2] the volt-ampere characteristic is calculated for the case of a homogeneous field, 
which, as we shall show, does not correspond to the nature of the system under considera- 
tion. In [3] the transition probability in an inhomogeneous field is calculated with the aid of 
a quasi-classical method. Such an approach, apparently, needs justification, even if the 
method itself is applicable; in the tunnel diode, however, the conditions for the applicability 
of the quasi-classical method are not satisfied; the field changes strongly over a distance 
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equal to the typical wavelengths. 

: In the present paper we attempt to calculate the volt-ampere characteristic of a tunnel 
diode using, where possible, no hypotheses that cannot be directly verified by experiment. 
We note that the problem proposed encounters certain complications of principal character, 
characteristic of precisely this essentially quantum-mechanical system, which distinguish 
the tunnel diode from the ordinary diode with p-n junction. 

First, the width of the p-n junction in the tunnel diode (~ 1076 cm) is comparable with 
the mean electron wavelength. Consequently, the distribution of the field and of the charge 
cannot be calculated here by usual classical means. Certain customary notions (for example, 
the notion of a completely depleted layer) can lose their direct meaning thereby. 

Second, the electric field in the junction is highly inhomogeneous; over the length of the 
junction the field intensity increases from 0 to approximately 106 v/cm and drops again to 0. 
This is an important circumstance, for the probability of tunnel penetration depends greatly 
on the intensity of the field, as a result of which different regions of the junction give sharply 
different contributions to the current. It is precisely for this reason that it seems to us that 
the calculation in [2] is not sufficiently convincing. An attempt to take into account the in- 
homogeneity by introducing some factor in the exponent does not solve anything, unless an 
unambiguous way of determining this factor is indicated. If we do not regard this factor as 
merely a "trimming" constant, the problem again reduces to an examination of the effect in 
an inhomogeneous field. 

Third, it is precisely in the tunnel diode that an important role can be assumed by devia- 
tions of the real structure of the junction from the ideal structure usually considered in 
theory. Indeed, by virtue of the sharp dependence of the probability of tunnel penetration on 
the field intensity, local changes in the latter (connected, for example, with dislocations, 
fluctuations in the distribution of the impurity, etc.) can make noticeable contribution to the 
current. 

Fourth, in the tunnel diode we unavoidably deal with strongly doped semiconductors. The 
energy spectrum of the latter is apparently more complicated than when the impurity concen- 
tration is low [1, 4, 5, 6, 7]. Actually, the impurity bands existing when the concentration of 
the impurity is about 10151017 em-3* overlap with the "intrinsic" bands on further increase 
in the concentration (in the range of about 0.5-1018cm~-3). This gives rise to a spectrum of 
complicated structure consisting, generally speaking, of several branches. In addition, owing 
to the scattering of the carriers by the impurity atoms, states with specified quasi-momenta 
acquire a finite lifetime. This leads to an effective smearing of the edges of the band, and 
consequently one cannot speak of boundaries of the spectrum in the true sense of the word at 
all. It is therefore more correct to assume that ifi a strongly doped semiconductor the so-called 
"forbidden" band also contains allowed portions of energy, and different points of the band 
are characterized by a different state density, which decreases asymptotically as the center 
of the band is approached. ** In other words, the notion of boundaries of "allowed" bands 
can be introduced only in a certain arbitrary sense, taking this to mean the values of the 
energy beyond which the density of the states becomes sufficiently small. It is precisely in 
this sense that this notion was used in [1] and will be used below. 

In connection with the foregoing the calculation of the Fermi levels, either theoretically 
or by using Hall's data, becomes rather complicated. In the present paper we shall regard 
the Fermi level simply as a phenomenologically specified parameter subject to direct deter- 
mination by experiment. It is also very difficult to calculate the probabilities of the tunnel 
penetration from the impurity portions of the spectrum. The existing theory of the tunnel 
effect in its literal form is not applicable here even in the case of a homogeneous field. We 
shall henceforth consider only transitions between the intrinsic bands; the results formally 
obtained for any value of the external voltage © will actually be valid here only in a region 
not too close to the point of the minimum tunnel current €yjin (approximately in the region 
eine Oe) 

1. FORMULATION OF THE PROBLEM 


Formally any completely rigorous solution of the problem should include also the calcu- 
lation of the probability of tunnel transition in an inhomogeneous field. Such an approach, 


* The figures cited here and below pertain to germanium. 
** These portions of the spectrum can be called somewhat arbitrarily "impurity portions." 
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however, seems to us to be little justified, since the exceeding complexity of the involved 
calculations would unavoidably lead to many approximations, and the accuracy of the solu- 
tions would be illusory. This is all the more correct if one takes into account the unavoid- 
able non-ideality of the object (see the introduction). We therefore use an approximate 
procedure, which is valid as soon as the length of the junction l greatly exceeds the atomic 
dimensions (in a typical diode this inequality is satisfied with a margin of two orders of mag- 
nitude). Under these conditions we can break up the p-n junction into portions small enough 
to make the field inside each of them practically homogeneous, and at the same time large 
enough to make the linear dimensions noticeably greater than the lattice constant. Then the 
ordinary theory of the tunnel effect will be applicable to each portion, and the resultant cur- 
rent will be obtained by integrating over the entire junction. 

To carry out this program we must specify an explicit form for the field intensity E as 
a function of the coordinate x (the Ox axis is perpendicular to the junction). At the present 
time the phenomenological approach appears to be the most:advantageous. We put 


| Em {i—()} Val; 


E= (1) 
x i . A 
En {i—(=)}, Lh<z<od, : 
where Em, y; /1, /9 — parameters; y2 0. It is obvious that the length of the junction is 
1=1, +19. With a small external voltage, this length is connected with the charge capaci- 
tance of the junction C by the relation 
eS 


where ¢€ is the dielectric constant of the substance; S — area of the junction. The quantities / 
and consequently C depend on the external voltage 6(@> 0 in the forward direction). Using 
equations (1) and also the condition of the continuity of the potential at the point x =0, we 
readily obtain 


1Em =14*(U,—), 


where Ug is the contact difference of potentials between the n and p specimens. 

Let us assume now that the capacitance of the junction changes when © varies only as a 
result of a change in the length of the junction. For ordinary junctions with depletion layer 
this is unconditionally correct. One might think that in our case this assumption would 
yield a reasonable approximation at sufficiently small values of 6/Ug. Then formula (2) 
becomes valid not only when @~0, and we obtain for / and Em, using the Poisson equation* 
(see [8]), 


we} ; eek 1 3 
o(4 fa : (3) 
U © oe 
y ppc ep hi C= o \¥t 
7 Emo (t— Fe] (4) 


Here /g and Ey, 0 are the length of the junction and the maximum field in the junction when 
@=0. We note also that 


*The use of the Poisson equation does not mean that the quantum effects are neglected. 
As is well known, the Poisson equation is valid also for a quantum system of interacting 
particles: it determines the average potential of the electrostatic field, and its right half 
should contain the average space-charge density. It is precisely for a phenomenological 
calculation of the latter from formulas (1) that we are using Poisson's equation. 
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qUe = AE + Ay Ap, (5) 


where q is the charge of the electron and AE — width of the forbidden band; the other symbols 
are clear from the figure. 

It is clear from (2) — (4) that the parameters / and Em. (the only parameters of im- 
portance for what is to follow) can be estimated by measuring the charge capacitance of the 
junction as a function of the voltage. 

The tunnel current connected with the individual portion within which the field is homo- 
geneous is calculated by the standard formulas. As is well known, it is necessary to distin- 
guish here between three basic cases: direct transitions, indirect transitions with participa- 
tion of phonons, and indirect transitions with scattering on the impurities. * The probabilities 
of the first and second processes have been calculated in [9 — 11], while transitions with 
scattering by impurities were recently considered by one of the authors [12]. 


Diagram of the p-n tunnel junction (zero voltage on the junc- _ 
tion): 4 — Fermi level; Eg — bottom of the conduction band & 
in the n region; Ey — top of the valence band in the p region. 


The expressions for the tunnel current density contain the distribution functions for the 
conduction electrons and for the roles in the n and p regions, respectively. We confine our- 
selves in the present article to the case of complete degeneracy; i.e., we assume that 
IAN <<< (ANA el << Ap: 


2. DIRECT TRANSITIONS 


Transitions of this type (and likewise transitions with scattering on impurities) appar- 
ently play an appreciable role in germanium diodes [13]. As shown in [9], in the anisotropic 
case the transition probability contains a quantity with dimension of mass, determined by the 
behavior of the function Ec(p) — Ey(p) near the branch point in the complex plane [E¢(p), 
Ey(p) — energy of the electron in the conduction band and the valence band respectively]. 
This circumstance introduces a certain uncertainty into the answer, which at present is diffi- 
cult to eliminate. We shall therefore carry out the calculation in the isotropic approximation, 
characterizing the electron and the hole by means of scalar effective masses my and mp. It 
must merely be kept in mind that the "width of the forbidden band" ¢€g must in this case be 
taken to mean the lower boundary of the intrinsic absorption of light in the given crystal 
(generally speaking, it exceeds the "thermal" width of the forbidden band; in germanium, 
however, this difference is small, making direct transitions possible in practice). For 
numerical estimates we should use values that are characteristic of germanium: 

Mp = 0.22 mQ, Mp = 0.045 mo (light holes), €9 = 0.80 ev. 

We denote by d the lattice constant and by p the two-dimensional vector formed by the 
quasi-momentum components perpendicular to the direction of the electric field. We intro- 
duce, further, the reduced mass m, = MpMp)/(My ae Mp) and put 


med? (m,&9 + Pi) 


E (P1) = 2Qghm'!s 


(6) 


The quantity E(p 1 ) obviously has the dimension of electric field intensity. Then, according 
to [11], the probability of the tunnel transition in an homogeneous field E, referred to unit 


time, is 


*Naturally, indirect transitions with participation of quasi-particles of some other type, 
such as plasma quanta, other conduction electrons or holes, or excitons are also possible. 
They deserve a special investigation, but are all the same less probable than those indicated 


above. 
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_ Bey) 7 
do = U4." EF 8(p', —p,)d(W' —W) ap’, aw’, () 


where W — energy of the electron; the primed and unprimed quantities pertain to states be- 
fore and after the tunnel transition; d2p'; | denotes a two-dimensional volume element in the 
space p', . To calculate the total electron current it is necessary to note that the number 
of states in the energy interval dW for a specified value of p, is dW/que. Taking this into 
consideration, we see that the electron currents from the conduction band into the valence 
band and back will be 


a dp ,dW 
invy = 2\ dof (W) 1 — fo (WI oaneaa (8a) 
A ap dw 
jose = 2 doofy(W) [t — tn W)) oaarcer - (8b) 


Consequently, for the resultant current i = igsy — iy4e we obtain 


i= aghgr fexp {—B2} in) — fo 


x 8(p', — p,)6(W! —W) dp’ dp dW’ dW = i(n). (9) 


As indicated above, this expression must be considered as a current due to a small portion 
dx, over which the field E(x) can be regarded as homogeneous. The total current is obtained 
by integrating over the entire junction: 


pe \Fi@). (10) 


In the calculation of the integral we shall assume the functions f,(W) and fp(W) to be independ- 
end of x. Actually, the length of the junction is in this case less than the mean free path; we 
can therefore assume that there are practically no collisions in the region of the junction. 


Substituting (9) in (10) and using formulas (1) for E(x) we arrive at integrals of the form 


zl-(z))) dz. (11) 


Let us put for the time being 


and make a change of variables: 


We obtain 
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~ We note now that 


E(p,) nem! neti) 
— En, 7 2ghE,, ~ Ihr +1) (U,—0) — 
eee &9 em, d* 
+h go) Vw a>! 


since //d >> 1, and all other factors are of the order of unity. Thus, only the asymptotic 
value of the integral I at large values of a is of interest. It is easily found by neglecting the 
term t in the denominator compared with a. We similarly calculate the integral over the 
portion (-/o, 0). As a result we obtain 


~ TA CL Em [Y E(P,) =, 
t= Sent Non exp {a} (m6) 


— fy (W)} 8(p, — p,)8(W’ —W) dp’, dp, awa. (12) 


I 


In the calculation of the integral (12) we can neglect the dependence on p, in the factor 
[E,,/E(p ‘tt 4 Y (but not in the exponent!). Actually, in the important region of values of 
pi we have p*1 /egmy ~ (u — Eg)/€g « 1. 

We introduce the notation 


N eg [ eom,d? \"/2 
Ey = 5 @ (13) 


This is the intensity of a field of atomic magnitude. The ratio Eg/Ey is on the order of 10. 
Integrating with respect to W' and p', in (12) we obtain 
vy E(p 1) 


E — = 
i= EM (=) lim) —f(Whe ™ aWetpy. (14) 


In the case of complete degeneracy the statistical factors enter through the limits of integra- 
tion. To establish the latter we note that 


Pi Ww 
Dra S (15a) 


and by virtue of the constant energy of the transition 


P 
ite <A—qO—W, AzA,+A,. (15b) 
Thus, 
OS P? < Pay = Min{2m_W, 2m, (A — gD —W)}. (16) 


We further obtain for W (the zero value of energy is aligned with the bottom of the conduction 
band): 


max {A,—q@®, 0} <W< min {An, A— q}. (17) 
We introduce the notation 
E 2 
p= ee e@9n,, W; = — (G.=n,-p,1). (18) 
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These quantities are, strictly speaking, dependent on @. However, asa rule, this depend- 
ence is slight and we can approximate the expressions (18) by means of their values at = 0. 
Then 


&o : 
boy Mme Meee US (19) 


The parameter Bis of the order of 10, from which it follows that the quantities Wy, Wp> Wr 
are of the order of several hundred electron volts. 
Integrating with respect top, in (14) we obtain 


1 Ey Pinax 
a Coho == 
> gn) (2m hy ‘ P, 
1 BOR (2) Poe jaw {toe ; ; (20) 
The factor preceding the integral will be denoted briefly by A: 
Vy by Es 
_ (tly) (& Em 21 
1 NL Se) ne my 


The integral with respect to W in (20) will be calculated under the assumption that 
Ap > An, i-e-, the degree of degeneracy is greater in the p region than in the n region* (see 
the figure). As applied to germanium, this case is apparently of greatest interest experi- 
mentally. Depending on the doping conditions, two cases can occur, ApMp > AnMy and 
Apmp < Anmn, which we shall examine separately (the second case is apparently character- 
istic of germanium). Here, by virtue of the intermittent character of the functions fp and fp 
at T = 0, the volt-ampere characteristic must be written out separately for several portions. 
It is easy to verify, however, that the expressions given below go over into each other con- 
tinuously and with continuous derivatives at the boundary points. 

1) ApMp — An™n < 0% 


m,’ (22a) 
ie 2 miper TES 
i=A\gD+Wye “?—Wye "? (23a) 
m 
b) dn— Ap SI < An: (22b) 
= ess seers, pont 
i=Algd+We “7 —Wye "? —Wye | (23b) 
c) An<qD<A;: (22c) 
| _ 4-a® _ Apa 
i= A\Ac—W, We 0) Wee | (23c) 
d) AnxqOD <A: (22d) 
_ A-a®d 
jn A{A—9o4.W,( i as (23d) 


When q@ 2 A the tunnel current vanishes. 
2) Apmo os An™n 22 (0), 


*This condition is actually not a limitation. The formulas from the opposite case are 
obtained from those given below by obviously interchanging the notation. 
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eae case differs from the first case only at the very start of the characteristic. Namely, 
when 


0<qD<A,— "A, (24a) 
we have 
An An—a@® 
edd GM te Paty en Se (25) 
When 
Ap —“" A, <q® (24b) 


the current density is given by formulas (23b), (23c), and (23d). When using formulas (23a)— 
(24b) it must be remembered that the value of A also depends on ©. 


(26) 


(Ag is a constant). Therefore in the general case the volt-ampere characteristic is given by 
rather complicated expressions. These, however, simplify appreciably if we take into con- 
sideration that in a region that is not close to the minimum of the current we have @< Ug. 
In addition, the values of Wp, Wn, and Wy are small compared with ¢q. 

Let us calculate under these conditions the derivative of the current density with respect 
to @, and readily verify that the voltage @, corresponding to the maximum of the current is 
< Ap/q. Explicit formulas for @, can be readily obtained by noticing that under conditions 
of strong degeneracy we have 


DSSS 7 105/05 tes (27) 


Depending on the relationship between the parameters of the problem (i.e. , in final analysis, 
on the properties of the basic material and on the conditions of doping), ®y can be expressed 
in different fashion. Namely, we introduce the notation 


tHt Ye _ 14 Teer eet An 28 
oe eae aan 98 % 22) 

When q@o > A, we have 
Dm = An: (29) 


When q@o < An three cases are possible, depending on the relation between q@) and Ay. If 
the inequalities 


( A,—A 
qD,S> Any exp (—2 W ) <1 (30) 
are satisfied, then, similar to (29), 
Ap—4n 5 
-- 3 
(Un eae Wee 1 RL AY (31) 


The same is also obtained if 
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Ap ee Ani<W,. (32) 


On the other hand, if 


“s <4 =a “9, | (33) 
wr e Ro sire BW Be 
but q@y <« Ay, then 
Ap—aD. An—IP 
Rein bse ie (34) 


3. INDIRECT TRANSITIONS WITH PARTICIPATION OF PHONONS 


In considering transitions in which phonons participate, it must be kept in mind that we 
are justified under certain conditions in equating to zero the temperature involved in the elec- 
tron distribution function, but not the phonon temperature contained in the formula for the 
transition probability. Actually, the former merely denotes that T is small compared with 
the degeneracy temperature, while the latter would denote neglect of the phonon absorption 
process. 

Inasmuch as the derivation is in principle quite similar to that described in Section 2, 
we give here only the final result (obtained with the aid of the formulas of reference [10]). We 
introduce the following notation: M — mass of element result; 9 — density of the crystal; 
Myc — matrix element of the electron-phonon interaction energy, connecting the states of the 
valence band and the conduction band (this quantity has the dimensionality of energy); w— 
frequency of the phonon participating in the process 


PL / 1) gE (mam) M (En 


1/y 
Fe ae A LL LS I (ee Meale: 
ae ahayn'ln'ls (2m,) AE Mp (i) | Moe| (35) 


N= rent, — average number of phonons of frequency 
Doe bes 4V 2m, ey 
+= (N + 1) exp aa ese atelas (36a) 
= _ 4V 2m, (AE+fo)"?) 
D_= Nexp{ Tin Oe (36b) 
i, — density of the tunnel current connected with emission of the phonon; i_ — density of 


tunnel current connected with the absorption of the phonon; 


2 V 2m, (AE + hw)! (37) 
We confine ourselves as in Section 3 to the case > Ay. As before, by virtue of the 
discontinuity of the functions fy and fp» it becomes necessary to write out the volt-ampere 
characteristic separately for the individual portions. We obtain 


a) 0< q@<A,! (38a) 


Portas De {| ga deere os [min (A,, A — q® — fio) — 
¢ 


aes a (-) __ min (A,, A— ¢® — ho) A,— 9® 
(A, qD)} +W, [exp ( Sie ae aie = OX) ie wo le 
i) 
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Formulas (38a) — (40c) are rather cumbersome. 


A — q® — ho — min (Ay, A —q® — fio) A, — ho 
— ex a a at te rc ed IR i a a Bk hey eet J 
P( wo) ) +exp{ wo )I}: 


i, = Ap D, {1 -+ exp — “Saar ) | (@— he) ae 
0 


(+) ae An—9® + ho 
sr ee orn) oa ga 


A,— ® -++ ho BS 7) 
— exp (vs cae) + exp areal ; 
b) An < q@< Ap: 


poesia De {[1 + exp (— somarral min (A,, A — g® — he) + 


- wo) 
2 in (Ayn, A — qD — ho) A— aD — ho 
+ WO [exp (= ee a + exp | — = 5) = 
0 wo ( WS 

— exp (— SSE 

nes ? 
i, = Ap D, {[4+ exp (— Sra) | tn mex (0, A, —q® + ho)] + 

0 
+ We | exp = rir) + exp Se ee ee lee 
Wo Wo 


’ 


A,—qD-+ ho \ max (0, A, —q®-+ ho) 
= Pt DE in I) Pr yh esa ee mena Si Se ae 
exp ( 7 ( WH )}} 


c) Ayn s a@< A: 
i_= Ap D_{(A—q—ho)| 1 + exp (— Sa" )] fi 


+20 [on (— Saget) 


Le Ag De Bee ee [A — q@®— max (0, A, — g® + 
0 


(+) A—q®O max (0, A, — q® + ho) 
+ho)] + Wo [exe (— Wo) beac imamate eee 
ho A — q® + fo — max (0, A, — gD + hw) 
Bae iat Oe ge rae )}}. 


The total tunnel current is given by the sum of i+ and i_ : 


i=i_+i,. 


two circumstances. 
a) At small voltages (on the rising branch of the curve) there exists a structure con- 

nected with the need for consuming part of the energy of the external field to form a phonon; 
this structure was experimentally observed by different authors many times. 
b) The structure of formulas (38a) — (40c) is essentially the same as in the correspond- 


ing expressions of Section 2 [formulas (22a) — (25)]; we must merely put formally Wy = 


re 
= Wy = Wo = Wo 


Wp 


eo 


in the latter* (here we recognize that in our case hw « Aj). 


(39a) 


(40a) 


(38b) 


(39b) 


(40b) 


(38c) 


(39c) 


(40c) 


(41) 


It is easy to notice, however, the following 


*It is possible to proceed in the same fashion also on the descending branch of the 
curve. 
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Consequently the basic qualitative conclusions of Section 2 remain in force. In particular, 
formulas (30) — (34) for @,, remain valid (except that Wn and Wp are replaced by Wo, and €0 
is replaced by AE). 


4, INDIRECT TRANSITIONS IN SCATTERING BY A CHARGED IMPURITY 


We introduce the notation 


T (4/7) QE % (mymy)? (Em | Eo) 4 Vim, AE" 
A, = Day hhl (2m,) “AB —} Nev® ? MimeXP— = Sqhk 5 (42) 
W, = em _ (43) 


~ 22m, AE * 


Then, using the formulas of [12] and the procedure of Section 2, we obtain 


a) 0< q@<A,: (44a) 
f bg Av oe 5 AO Ee ae ana naes 

penne i onsite Mt oh gs Pein sind Ot Ip Set 

b) An $ q@< Ap: (44b) 

_ A-a® | Si, Pepe _ 4—a® 

ee ates me lA Paeaees | ey re }}; (45b) 

c) An < Q@< A: (44c) 
A, {(1 Bs exp(—“F,*)) (A —q®) + 2W, [ exp(—"4,") —1]}. (45¢) 


For the maximum of the current we again obtain formulas (30) — (34) (with Wp, Wp and Wy 
replaced by Wt,and €g replaced by AE). 


5. NEGATIVE RESISTANCE 
The expression obtained in the preceding sections for the volt-ampere characteristics 


enable us, in particular, to investigate the negative resistance of the tunnel diode. By defi- 
nition we have (in the region where the derivative di/a@< 0) 


1 di 
In accordance with formulas (23a) — (23d) and (45a), (45b) we obtain (using as before the 
strong degeneracy condition Ayn > Wy, Wp? Wy...): 
a) Direct transitions. 
When 
© An 47 
Lo Siar (47a) 
An—qD 
"Aq ow. 
0) = — |O — a 
6 (M) 0, O — ®, + De (48a) 
When 
An A 
B<KO¢ e (47b) 


Ap—aI® 
Aq\ An 4 

o(@) = Aad HD, 6 on en (48b) 

When 
A 
2<o <4 (47c) 
A {a ae 
(0) = <1|- 04 0,— O, Wet (48c) 
Olle? 
b) Indirect transitions with scattering on the impurity 
An 
O,n,<CO<K Pao (49a) 
A — gD 

o(0) = {® —®, +®, exp — 7}. (50a) 

When 
A 
. <o< “* (49b) 
Aq fA A, — @® 

3 (0) = |Z + Do exp — Wr, \, (50b) 

When 
A 
2<o<t (49¢) 
_ Ag fA a | 4S—q® ASG 
o(0) = 4¢ (2 _@+0,[—(1+ 4G)exp— 9G +1]. (50¢) 


We recall that in this case it is necessary to substitute in place of ey) in the formula for Eg 
(and consequently for 9) the thermal width AE of the forbidden band. 

Formulas (48a) — (48c) and (50a) — (50c) have a very similar structure. Analogous 
(but somewhat more cumbersome) expressions are obtained also in the case of indirect tran- 
sitions with scattering by phonons. It is seen that the negative resistance depends in a suffi- 
ciently complicated manner on the external voltage ®. . This dependence is not even mono- 
tonic. By calculating the derivatives dq0/a and 320/362, we can readily verify that the 
absolute value of the negative conductivity o(@) reaches a maximum in the interval Gy < 
< @< A,/q, can have (under certain conditions) a minimum in the second portion (Ay < q@< 
< Ap), and monotonically decreases when q@> Ap, vanishing when q@ = A. 

For the minimum point of &"' we obtain 


hei ae VE qDy 
qD =~ Ay 2Vu pin Vi, (51) 


in the case of direct "transitions" and 


gb" ~ A, — 2W,In a (52) 
Als 


in the case of indirect transitions in scattering by a charged impurity. These expressions 
are valid so long as q@g >VAnW, or, accordingly, q@p9 >VAnWt . If these inequalities are 
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not satisfied (which is possible at sufficiently large values of An), then the function 0(® has no 
minimum, but decreases monotonically in the interval Ay < q@< A. ‘ 
Calculation of the voltage &' at which o reaches a maximum is made complicated by dis- 

continuities of the derivative 90/9 on the boundaries of the regions. The presence of these 
discontinuities is apparently connected with the complete degeneracy approximation; conse- 
quently, to resolve ultimately the question of the maximum of the negative conductivity it is 
necessary to consider the case of non-zero temperatures. We shall note here merely that for 
direct transitions under the conditions 


244 < Ay < HO (53) 


gD 


we have 


qo. 


'~ Ne = 2W,, re 
cg YW (in — 248) 


(54) 


Similar formulas (with W, replaced by Wt and eg replaced by AE) are valid also for in- 
direct transitions with scattering on the impurity; the same results are obtained in scattering 
on phonons. 


CONCLUDING REMARKS 


Summarizing, we note three circumstances. 

First, the formulas for the different observed quantities (y,, &', &') are essentially the 
same (apart from a small variation of certain parameters) for different mechanisms of the 
tunnel current. The only exception is in the form of the volt-ampere characteristic at low 
lattice temperatures when formulas (39a) — (39c) and (40a) — (40c) described a character- 
istic phonon" structure, which was already observed experimentally many times [13]. 

Second, an account of the inhomogeneity of the field in the junction is essential* (partic- 
ularly when calculating the absolute value of the current). Actually, we can formally proceed 
to the case of a homogeneous field by putting y- © everywhere. As can be readily seen from 
formulas (4), (21), (35) and (42), the exponents and the expressions for A, Ar, D+, At can 
change by a factor of two asy changes from 1 to. In this case the absolute values of the 
exponents change from approximately 10 to approximately 20; i.e., the magnitude of the 
tunnel current changes quite noticeably. Changes occur also (but to a considerably lesser 
extent) in the point 6', 6", d,,. The reason for this is obvious and lies in sharp dependence 
of the tunnel current on the field intensity, as a result of which even a small region where the 
field is locally increased can make an important contribution (not proportional to the dimen- 
sions of this region) to the current. 

Third, all the expressions obtained above depend essentially on the parameters An and 
Ap, which reflect the doping conditions of the specimen. When these quantities change, a 
change may take place not only in the numerical value of some particular voltage (6m, #', 
$"'), but also in the form of the functional dependence of this voltage on the parameters of the 
system. Moreover, even the very fact of presence or absence of a minimum in the negative 
conductivity, as we have seen in the preceding section, depends on the doping conditions. 
Thus, the tunnel diode is technologically a very ''flexible" system, the properties of which 
can be controlled to a considerable extent. 
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CONCERNING THERMIONIC CONSTANTS 
L.N. Dobretsov 


The paper considers the question of the thermionic constants contained in various equa- 
tions for the density of thermionic current in the case of the homogeneous electrodes. 


Recently, in connection with the problem of thermionic converters of heat into elec- 
tricity, interest in the question of the so-called thermionic constants has again resumed. We 
have become convinced that many persons engaged in this problem are not completely clear 
in their minds concerning this question. In this connection it seems to us that it would be 
useful to consider again the question of the thermionic constants involved in various equations 
that determine the density of thermionic currents. We confine ourselves to homogeneous 
electrodes only. 

Assume that the state of the electron in the conduction band of a cubic crystal with vol- 


ume L® is characterized by a wave function Wr) = eS) X exp [a (p r)] , il.e., is deter- 
h h h 
mined by three quasi-momentum components px = Tox? Py =r Sy» py TL Sz where S,, Sy; 


S, are integers. If the x axis is directed along the normal to some surface of the body, then 
the coefficient of passage of this electron above the potential threshold at the surface D and 
the coefficient of reflection from the threshold R=1 - D, as is well known from quantum 
mechanics, depends only on one component of the quasi momentum px, i.e., 


D = D (px) =1—R (pz). 


** The authors are grateful to M. Lax for a preprint of this paper. 


1841 


If the numerical density of the current of electrons incident from the outside of the body on 
surface, with a given value of px, is defined by a distribution function (px), then the density 
of the thermionic emission saturation current j flowing through this emitter surface will be 


j —©\ D(px)¥ (Ps) dPxs (1) 


where the integration must be carried out only over those values of px which correspond to 
the total energy Ex connected with the motion of the electron along the x axis and greater 
than zero, i.e., Ex > 0 (in the absence of an external field at this emitter surface, the value 
of D is zero for those values of px for which Ex < 0). The values of Ex are referred to the 
energy of an electron at rest outside the body. 

Formula (1) can be represented in the form 


j =eD\ v(ps)dpx, (1a) 
where 


—  |D(p,)v(p,) dp 
pa ee 
J v(p.) dp, te 


i.e., D is the value of the coefficient of passage above the barrier, averaged over the por- 
tion of the distribution v(px) corresponding to E, > 0. 
Sommerfeld's theory of metals, where the states of the electrons inside the body are 


described by plane de Broglie waves wr) = exp pu (p r) Jand the quasi-momentum is equal 


h 
to the momentum, the total energy is E = E, + ee (p2 + p2 + p2) phovel 1oee) = "1d 4 oie (se 
? a’ om “x y Z x a” omPx € 


Fig. 1). With this, py = vV2m(Ex - Eg), i.e., px is simply expressed in terms of Ex, and 


therefore D(px) and v(px) can be represented in the form D(Ex) and v(Ex), while (1) and (1a) 
can be rewritten: 


j=e \ D (Ex) Vv (Ex) dE, (1b) 
0 
j= eD\v(#,) dB, (1c) 
0 
where 
D \D (E,,) v (E,) dE, 
re (2a) 


{v(E,) dE, 
5 


is the coefficient of passage above the barrier, averaged over the distribution V(Ex) in the 
interval of values of Ex from zero to infinity. 

As is well known, the coefficients D(Ex) and D'(Ex) of passage above some potential 
threshold, for electrons with given value of Ex, incident on the threshold from one side (for 
example, for emitter electrons incident from the outside on its boundary) or from the other 
side (for example, for electrons emitted by a second emitter, or for electrons from the 
electron gas above the surface of the given emitter, incident on the same boundary from the 
outside), are equal to each other. Assume that there exists above the surface of the emitter 
an equilibrium electron gas, in which the distribution of the electrons in the current, relative 
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Eile = We 


Pigs Fig. 2 
to Ex = W'x, is given by the function y'(Ex). In the inverval dE,, the current of electrons 
flowing from the gas inside the emitter with energies Ex will be D'(Ex) v(Ex)dEx, while the 
current flowing from the emitter, with the same values of Ey, is equal to D(Ex) v(Ex)dEx, 
According to the principle of detailed balance these currents should equal each other, i.e., 
D'(Ex)v' (Ex) dEx = D(Ex) v(Ex) dEx. Recognizing that D(Ex) = D'(Ex), we obtain v' (Ey) = 
v(Ex). It follows therefore that 


co (ee) 
\ D(E,) v (E,) dE, | D(E,)v' (E,) aE, 
D = 0 ~ ee A - = Ds 
\ v (E,,) dB, \ w' (E,) dB, 
; 9 ’ a) © 


i.e., not only D(Ex) and D'(Ex) are identical, but also their averaged values D and D' are 
identical for the current of the electrons incident from inside the emitter with Ex > 0 on 
some surface of the emitter, and for the current of electrons incident from the outside from 


Spies Bove + ook? Wig 
the equilibrium electron gas. If we substitute dn (1c) v(Ex) = ha ex? [ae = 


_4nkT Eq - Ex 


Eo = Wa—Wj > kT, then, this equation goes over, as is well known, into the equation 


] (see Fig. 1), which follows from Sommerfeld's theory for the case 


j= A,DT? exp leer) ae {,DT? exp ea =] ; (3) 


The quantity Ao is called the thermionic constant. According to Sommerfeld it is the same 
for all metals and has a value 


4amelk? 


5g = 120 amp/cm* deg? 


ee 


One might think that the statement that Ao is universal would be a consequence of the 
simplifying assumptions contained in Sommerfeld's "free electron" theory. In this case, for 
emitters to which Sommerfeld's theory cannot be applied, the statement of the universality 
of the thermionic constant does not necessarily hold true and the factor preceding 


DT2 exp [ Fo; may be different, not equal to Ag. Let us show that this is not the case. 


We write down the equation for the thermionic current density in the form 


j=f(P)exp [A]. (3a) 
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Since no assumptions are made concerning the function f(T), this notation implies no loss of 
generality. 

We consider an equilibrium isothermal system, containing two different emitters, con- 
nected with each other by a conductor (Fig. 2a). The electrons inside both emitters, which 
are electrically connected with each other, will be in equilibrium when the levels of the 
electrochemical potentials yj and p2 become equalized in both emitters (see Fig. 2b). Let 
the distance between the emitters be such that above each there is an electron gas whose 
state is determined by the properties of each emitter separately. The equilibrium between 
the electron gas inside the first emitter and the electron gas above its surface will occur 
when the density of the thermionic electron current flowing from the emitter into the gas with 
value jj/e becomes equal to the density of the current of thermionic electrons flowing from 


the gas inside the emitter. The latter has a value D'yv1 = Dz njV1 where yp; — density 


of the current of electrons incident on the first emitter, nj — numerical concentration of the 
the electrons above the surface of the first emitter; Vv; — average thermal velocity of these 


electrons. Therefore jj/« =F Dd ynyy4 or, taking (3a) into account 
47 4 f(T Eu (T 
n, = tt = 44 exp er] : (4) 


A similar expression is obtained for the equilibrium numerical concentration of the electrons 
in the gas above the surface of the second emitter 


4]2 4 fo(T) Eo2(T) 
yo SS >. 3 
: eee Diy exp | kT | (4a) 


From (4) and (4a), recognizing that vj = v2 because T is constant, we obtain 


oan AE) ji z Eu — Ew 
mm fit) D, exp| |. (5) 


wa kT 


Finally, if the electron gases above the surfaces of the first and second emitters are degen- 
erate (which occurs for all known emitters with a great margin) and the relative potential 
energy of the electrons in these emitters is sufficiently small compared with kT (which is 
also true for all known emitters [1]), then these gases will turn out to be in equilibrium with 
each other if the ratio of the electron concentrations in the gases satisfies the Boltzmann 
equation 


n hee = 04 
os gests | iE |. (6) 


where € (V9—V}) is the difference in the potential energies of the electrons above the sur- 
faces of the second and first emitters in the field of the contact potential difference: 
€ (V2—V1) = E01 — Eog (Fig. 2b). Taking this into account, we obtain from (5) and (6) 


pO ee a a 
ba sh ie = f(T); (7) 


Since we made no limiting assumptions whatever concerning the properties of the emit- 
ters under consideration, except for assuming that the electron gases above them are 
perfect, F(T) in (7) is a universal function of the temperature for all emitters for which 
the last assumption is valid. Therefore (3a) can be represented in the form 


: - EB 
j =F (1) Dexp| a 


|- (8) 
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However, for a Sommerfeld emitter F(T) = AgT2, in accordance with (3). Therefore for an 
emitter of any nature (and not only for metals) equation (3) is valid with the same value of the 
thermionic constant Ag. Recognizing that Eg(T) = -€¢(T), we rewrite (la) in the more 
customary form 


ELT fio eg (7) 
j= Ao DE exp| — +] "4 (9) 
; If in some temperature interval near the value of To we can represent (T) with suffi- 

cient accuracy by means of a linear function, i.e. , if 


P(7) = p(T) + a(T —T), (10) 


then the temperature dependence of the saturation current can be represented in the form 
= A,T* exp | — | ? (11) 


where {= (To) — aT is a constant for the given emitter (effective or Richardson work 
function) which is independent of T; A, = AgD exp[ SS . The plot of the function 


j il : ; : : 
In = =F (7) will be a straight line (the Richardson line) in this temperature interval, its 


d (indy) 
d(z) 
axis has a value InAy. The constant Aj in (11) is also customarily called a thermionic con- 
stant, just as Ag is in (9). In order to distinguish between these two constants, we shall call 
Ao the Sommerfeld thermionic constant of the emitter, while A; in (11), determined from the 

Richardsoncurve, willbe called the Richardson thermionic constant of the emitter. 

As shown above, the Sommerfeld thermionic constant is universal for all emitters and is 
independent of the temperature. The Richardson thermionic constants of different emitters 
may vary, first owing to the inequality in both the sign and in the temperature coefficient of 
the work function q@, and second because of différences in the values of D for these emitters. 
From a purely theoretical point of view, the thermionic constant can be temperature de- 
pendent even in the vicinity where (10) is valid, owing to the dependence of the coefficient of 
transmission of the electrons on Ex. Indeed, if D = D(Ex), then averaging over the electron 
distributions with respect to Ex, which are different for different temperatures, we get 
D = D(T), i.e., Ay = Ax(T). 

The fact that the work function ~(T) depends on the temperature, and the presence cf re- 
flection on the boundary between the emitter and the vacuum, taken into account by the factor 
D, lead, as is well known, to difficulties in determination of the true work functions as com- 
pared with the readily measured values j and T. Indeed, it follows from (9) that g(T) = 


slope has a value ¢2/k, while the intercept of the Richardson line with the ordinate 


= aE [In Ag +1nD — AE if D were known for a given emitter, then by measuring j ata 
second temperature T one could calculate ¢(T). In the ''total current'' method one calculates 
the work function from the equation Pt = of [In Ag — ln 2 ]; i.e., the term ar InD<1is 
discarded. Thus, this method yields somewhat excessive values of the work function. These 


values are not "spoiled" by failure to account for the temperature dependence of (T), but by 
failure to account for reflection. The work function determined from the slope 


j 
d(In7 3) 


ac) 


of the Richardson curve, as can be seen from (11), is not as spoiled by failure to 
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include reflection, but differs from the true work function by an amount Tg, which can be 
both greater than zero or less than zero for various emitters. The choice of method depends 


on the ratio of the quantities aE In D and aT (for emitters with a> ~ 5: 107° v/deg, the 


total-current method yields small error if D > ~0.5). 

Let us examine the passage of a current of electrons emitted by one of the electrodes of 
a flat diode, for example by the electrode 1 of Fig. 2a. We shall assume that the distance be- 
tween the electrodes is such that the space charge in the interelectrode space can be disre- 
garded and the scattering of electrons in this stage can be neglected. Let us take into account 
the multiple scattering of the electrons both on the surface of emitter 1, and on the surface 
of collector 2. 

We denote the quantity Ex - Eo by Wx (see Fig. 3); the coefficients of passage above the 


potential barriers of the first and second emitters will obviously depend on Wx and Wx2 
respectively; D1 (Wx1) and Do(Wx2). Let the distribution of the electrons in the beam incident 
from inside the first emitter on its boundary over Wx 1 be given by the function yp(Wx1). The 
flux of electrons of the given interval dEx = dWx leaving the emitter and reaching the col- 
lector will be D1(Wy1) v (Wx1) dWy 1. The flux going into the collector after the first inci- 
dence on it will be Dy(Wx1) vy (Wx1) dWx1 Do(Wx9), where Wx2 = Wx1 - €V (see Fig. 3). 

It is easy to see that the flux going into the collector during the second incidence on the col- 
lector, after reflection on both electrodes, will be 


Di (Wx1) v (Wx1) dWx1R2 (Wx2) R1 (Wx1) D2 (Wx); 
in the third incidence we get 
D1(Wx1) V1 (Wx1) dWx1 [Re (Wx2) R1 (Wx1) ]? Dz (Wxg), ete. 


The total number of electrons from among the v1 (Wx1) dW, that have reached the boundary 
of the emitter from the inside and have gone into the collector after all the reflections on the 
electrodes, equal to the sum of the individual currents, will be 


Dy (W,,,) D2 (W 0) 
1— hy (W 1) Ry (W x5) V1 (W x1) dW 1: (12) 


AV 12 


It is easy to verify that the current of electrons going from the second emitter into the 
first, with the same value of E,, will be 


D, (W,,) Da (W x») 
dvi = T= RW a) Ra Wag) a oe oe 
We shall call the quantity [D1(Wx1) D2 (Wx2)]/[1 -R1i(Wx1) Rg (Wx2)] the combination coeffi- 
cient of passage of the diode, and we shall denote it by Dj9(Ex, V). This quantity, as can 


Fig. 3 


be seen, depends on the properties of both electrodes of the diode, but for electrons with 
given Ex for any value of the external potential difference V, it is the same for the currents 
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flowing from both electrodes of the given diode: 
Dy» (Ex; V) = Dy (Ex, Vy. (13) 


From this we get an important conclusion of importance for the understanding of the laws 
governing thermionic emission. 

Let us examine again an equilibrium isothermal system, i.e., Ty = Tg and V=0. In 
accordance with the principle of detailed balance, the electron currents dvig and dvi 
should be equal to each other in such a system. Therefore, using (12), (12a) and (13), we 
obtain 


V1 (Ex — Eq.) = V2 (Ex — Egy) when T = const, (14) 


ie., the densities of the electron currents flowing from the inside of any emitter to its bound- 
ary, at identical temperatures and for identical values of Ex, reckoned from the levels of the 
electrochemical potentials in these emitters, are the same. Since the distribution functions 

v(Ex — EQ) are determined by the properties of the emitters (and the temperature), equation 
(14) holds true independently of whether the emitters form an equilibrium system or not. 

At first glance this is an unexpected result, since the density of these states, corre- 
sponding to a certain value of Ex — Eg, and consequently the number of electrons with this 
value of Ex in different bodies, are naturally different. 

Let us resolve the question of the current density in different bodies, using as an ex- 
ample a one-dimensional model of the crystal. The density of states dZ/dE corresponding 
to a certain value of E has in a one-dimensional crystal a value 2dp,/dE, where dpx is the 
number of values of the quasi-momentum corresponding to the energy interval from E to 


dp vs 
E+dE. The number of electrons in this energy interval is dn(E) = 2 rial [exp A) + 
a al dE, and the current is dp = Ver dn(E), where Ver is the group velocity (Vor =dE/dp); 
E—E9o 
kT 
bodies, the product of Z(E) and vgr, which determines 1(E), is the same in all bodies for 


= d 
therefore dy = 2[ exp ( ) ae ky 1 Thus, although Z(E) = gx is different in different 


identical (E—Eg) when T is constant. But the expressions (la) are the same for all bodies, 
thus explaining the universality of equation (3) and its independence of the band structure of 
the emitter. We note that these considerations, which lead to the universality of (3), are 
not based on the assumption that the equilibrium electron gas over the surface of the emitter 


is perfect. 
Let us return to the question of the density of the currents flowing from one electron 
into another in a planar diode. We consider first mode a in Fig. 3. In the electron current 


AoT2 exp [-ir, ~1(T )], incident from inside the emitter 1 on its boundary, only a frac- 


tion y (AV, T1) of the electrons, for which Wx1—¢€9 1 = W',; 2 €AV, will reach the electrode 


OO TSC es 


vip, (Woy) AW 4 
: ; (15) 


ate os 


7, (We) Wy 


94.6 (Gr, AV) : 


ot-38|p-. 


Of this fraction, owing to reflections on the electrodes 1 and 2, there will enter into the 
second electrode a current with density 


{Paste De (Py AV) 7 (7, AV) exp | os (73)|., (16) 
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where v®) (T;, AV) is the value of the combined coefficient of transmission of the diode 
averaged over W',, and W'x = W'x1;—eV is the combined transmission coefficient of the 
diode. In this case the averaging of Dj(W', 1) and R1(W',,) in the expression for pf 4) must 
be made over the distribution function yp 1 (W'.4) corresponding to the temperature T in 
the interval ~ > W'yx, > cAV, while the averaging of Do(W'x2) and Re(W'xg) must be made 
over the same distribution function but in the interval © > W'yg > 0. Equation (16) can be 


rewritten in the form 


(iP = AO Tr (Tr, V)exp[— pr (TD), (16a[12}) 


where ae) = Agp®) will be called the combined thermionic constant of electrode 1 in mode a 
of Fig. 3. In this mode the current density im 2) flowing from electrode 2 into electrode 1, as 


can be readily seen, will be 
= AS? Thexp | — jr 2 (72) |, (16a[21}) 


where As) is the combined thermionic constant of electrode 2 in mode a of Fig. 3: 


fe. 


Ne = = App® with the averaging carried out over VT»5 (W',,) in the same limits as in D, 


216 
AQ) = Z OE 


When Tj = Tg, obviously, In mode b of Fig. 3, we can write similarly 


-(b) (b) 72 ox : 
Vise Ans Lae | - 7, *1 (T,)| ’ 


j> = = A® 1 (T5, AV) Tr exp |- re (T2)], 


(16b[12]) 
(16b[21]) 


where A® ) = = ago) and nue = Ap” 


91° with the averaging in p”) ) carried out over vp (W 


aE 


v®) ; 


while the averaging in Ds is over VT (W',) within the limits =< W'y> < «AW and 
o < W'y, < 0. When Ty = To we also have in this case mh seu When Tj # To, the 


combined thermionic constants of the two electrodes of the diode can differ from each other 
on purely theoretical grounds, owing to the difference between yp 0"'»x) and VT)(W'») , over 


which the averaging takes place. 
Let us now take account of the Maxwellian distribution of the thermionic electrons over 
the kinetic energies W'x: 


aowes m Ws. 7 
VLR == Giexmp | FT |: (17) 
With such a distribution (and only with such) y(T;, AV) has given (15) the form 
1(T1, AV) = exp[ — Se]. (18) 


It is known that for a metal with «ey > kT (after Sommerfeld) the distribution of the elec- 
trons that can go out of the emitter (i.e., with Wx > W,) relative to Wy is Maxwellian. But 
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then, in accordance with (14), it is Maxwellian also for all other emitters. The distribution 
remains Maxwellian for the thermionic electrons leaving the emitter, in W'y, only if the 
reflection coefficient is independent of W'x (and therefore Wx), i.e. , when D'(W'x) =D(Wx) = 
const. But in this case, averaging over different distributions p'(W'x), for example, corre- 
sponding to different temperatures T, and in different limits of W'x, yields the same value 


Dj = Dj. But then all four combined thermionic constants are equal to each other: 


(a) 7) (b) (b) DD» “ 
Aty = aly, == di = shay i = igh = Al; (19) 


We shali call Al» the combined thermionic constants of the diode. We note A192 is equal to 
Ag21 in this diode for all temperatures, but the thermionic constant of the diode is not uni- 
versal and can have different values in diodes with different cathodes or anodes, owing to 
their different values of Dj and D9. Taking (18) and (19) into account, we can write the 


expressions for the densities of the currents flowing from any one electrode to the other, in 
identical form 


j= 4joT? exp| — a co) a) ; (20) 


where T is the temperature of the emitting electrode; &(T) is its "effective’ work function, 
equal to the true work function ¢(T) in the absence of the field that retains the emitted elec- 
trons and equal to [~(T) + AV] in the presence of a retaining potential difference AV. 

Theoretically, of course, D'(Wx) cannot be independent of W',. In practice, the Max- 
wellian distribution of the thermionic electrons is evidence only that D'(W',) is sufficiently 
constant for values of W'y from zero to several times kT. One could cite several consider- 
ations to explain the practical independence of D' from W',, in this region, based on an 
account of the forces of the electric image at the surface of the emitter (see, for example, 
[2]). One could also refine the expressions for Aj9 and Ag for different cases, by account- 
ing for the dependence D'(W'x), which although weak does nevertheless exist. Such a refine- 
ment of the expressions for A192 and Ag] is, however, inefficient, at any rate for polycrys- 
talline emitters, since the presence of "spots" with different work functions leads to greater 
deviations from the idealized case considered above than the neglect of the dependence 
D'(W' x). 

The dependence D'(W'x) at large values of W'x enables us to motivate the use of (3) in an 
analysis of the results of measuring the saturation current in planar diodes. Strictly speak- 
ing, in this case, too, we should take in place of Dj the quantity DjD3/(1—R1R$) where D3 
is the average transmission coefficient for the anode and R5 =1-— D5. But here the aver- 
aging must be carried out not over W',g with which the thermionic electrons leave the 
cathode, but over the energies W",, = W'xg + €Vg, with which the electrons arrive at the 
anodes. Since R(W'y) decreases with increasing W'x, we have RS << Rj and we can set R> 
equal to zero with sufficient accuracy. In the case of a cylindrical diode construction (the 
cathode is a filament), owing to the small probability of a thermionic electron being reflected 
from the anode and again falling on the cathode, one can assume R, = 0 with even greater 
justification. 
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EFFECT OF DRAIN OF THERMIONIC CURRENT 
ON THE TEMPERATURE MODE OF 


A SEMICONDUCTOR CATHODE 


A.A. Ostroukhov 


The cooling or heating of a cathode coating due to drain of thermionic current is con- 
sidered. The use of the literature values of the heat conductivity and electric conductivity of 
the oxide coating shows that whether the coating is fine or coarse grained, the cooling after 
a time t < 10-4 sec is appreciably only at very large emission current densities and evi- 
dently does not play an appreciable role in the fall-off of relatively small pulse currents 
during the time t < 10-4 sec. 


INTRODUCTION 


It is stated in [1] that for a qualitative explanation of the experimentally observed 
peculiarities of pulsed thermionic emission one can advance various physical hypotheses: 
the time variation of the degree of coating of the surface of the cathode by the atoms, which 
influence the thermionic emission (increase in the external work function) [2, 3]; reduction 
in concentration of the volume donors in the region of the coating next to the surface (increase 
in the internal work function) [4, 5, 6]; change in the values of the volume and surface charges, 
which screen the external field, during the anode-voltage pulse. As shown by an estimate of 
the characteristic times of these processes [1], based on the values of the diffusion coeffi- 
cients of heavy particles (atoms, vacancies, ions) in the oxide taken from the literature 
[7, 8, 9], the first two hypotheses can be used for a quantitative explanation of only the slowly 
decreasing component of the current pulse. The last hypothesis, which leans on the exist- 
ence of many semiconductor surface levels on the surface, with effective time of recombi- 
nation with the carriers on the order of 10-4 and 10-6 second, enables us to explain the 
experimentally observed singularities in the fall-off of the current pulse during times on the 
order of 10-4 sec [1, 10, 11]. The fall-off of the current takes place in this case for all 
values of the drawn current; the limits of variation of the current in the pulse depend on 
the state of the surface and the degree of ionization of the volume donors, and on the applied 
anode voltage. It turns out here that the change in the surface charge influences the magni- 
tude of the fall-off of the current much more strongly than the change of the charge on the 
volume donors. 

In the present paper we consider the influence of cooling or heating of the coating during 
the current drain on pulsed emission. This fact has been known experimentally for a long 
time; an approximate theory for it is proposed in [12]. We deem it advantageous to dwell 
once more on this question in connection with the more recent data on the resistance of the 
outside coating at large current and on its distribution over the thickness of the layer, and 
also new measurements of the coefficient of heat conduction of the oxide layer [13, 14, 15]. 
We have formulated the problem more mathematically in the present case and give the final 
results in a form suitable for comparison with the experiment. 

The physical picture of cooling or heating of the cathode by the emission current is as 
follows. At the instant when the drain of the emission current I(t) starts (t = 0), a heat flux 
I(x + 2kTo/e) begins to move away from the surface of the cathode, along with the energy 
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flux due to thermal radiation; here ey — external work function of the electrons from the 
layer; To — temperature of the free surface of the layer. The semiconductor layer of thick- 
ness on the order of the mean free path of the electron / is now continuously depleted of fast 
electrons, with energy sufficient to go out to the vacuum; the time required to leave the layer 
under consideration is t~ 1/V ~ 10-12 sec, where Vv is the mean thermal velocity of the 
electrons. The slow electrons remaining in this layer again enter into thermal equilibrium 
with the lattice within a time on the order of the time of temperature relaxation of the elec- 
tron gas in the volume, t < 107+" sec, and can go out into the vacuum in the form of ordinary 
thermionic electrons. If we neglect such short times, we can assume that at each given 
instant of time the temperature of the electron gas and of the lattice are equal to each other 
(we disregard the heating of the electron gas by the electric field in the layer). Thus, the 
lattice gives up its thermal energy to the vacuum with the aid of the electronic emission 
current with almost no time delay. The cooling surface receives also from inside the 
cathode an additional heat flux, due to the heating of the layer of the cathode by the flowing 
current. Depending on the value of the current drained at different instants of time the 
surface temperature of the layer will be either higher or lower than the temperature in the 
absence of emission current. 

In examining the cooling effect, we shall make use of the ordinary equations of the phe- 
nomenological theory of semiconductors. An exact solution of the problem within the frame- 
work of this theory is obviously very difficult, since the initial equations contain coeffi- 
cients that are functions of the temperature, and this temperature dependence is not suffi- 
ciently well known. One can, however, obtain the correct order of magnitude of the consid- 
ered effect, and also the order of magnitude of its time lag, by using this approach. In 
addition, the phenomenological character of these equations enables us to apply them to a 
polycrystalline porous coating. It is necessary here merely to consider the coefficients in 
the initial equations as being certain effective parameters, characterizing the layer in the 
mean, and obtain these parameters from the experimental data. The influence of the micro- 
crystalline structure of the coating on this effect will be discussed in greater detail in the 
next section. 

In calculating the temperature variation AT, it is sufficient to confine oneself to small 
relative values AT/T. Indeed, since the external work function is x ~ 1 volt and kTg/e ~ 
~0.1 volt, even when |AT/T| ~ 0.1 the current changes by approximately a factor e. 


1. MAGNITUDE AND TIME DELAY OF THE COOLING OR HEATING 
OF THE EMITTING LAYER BY THE EMISSION CURRENT 


We consider a semiconductor layer of thickness d, situated on a metal core; the x axis 
is directed inside the layer; then x = 0 corresponds to the free surface, and x = d corresponds 
to the boundary with the core. The law of heat conservation in the case of quasi-stationary 
currents (div / = 0) and in the case of a homogeneous layer leads to the following equation [16] 


pc == (DV, xoVl Sp tly ate S , ) 


where p is the density of the coating; c is the specific heat capacity; xg is the coefficient of 
heat conduction; 7 is the Thomson coefficient; and o is the specific electric conductivity. 
We shall henceforth assume these coefficients, as well as the current I, to be constant, so 
as to simplify the calculations, In this case (1) can be rewritten as: 


oT sO oT = 
al e on) 9 b oy F, 


(2) 


where 
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On the boundary between the layer and the core, depending on the heat-exchange conditions, 
we can fix either the heat flux or the temperature. As will be shown in the next section, 
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the temperature mode on the boundary with the core does not have great significance for the 
effect under consideration in the range of time intervals in which the temperature changes 
appreciably upon considerable variation of the parameters. For the sake of being specific, 
we fix the temperature: 


T (a,t)\|;2a = La = const. (4) 


On the boundary with the vacuum we have 


: Fee eel c 
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where [] — Peltier coefficient, © — chemical potential of the electrons in the layer, og — the 
Stefan-Boltzmann constant, r — the reflection coefficient, and ey — the work function of the 
electrons leaving the layer. As is well known [17], 


H+o2— (2+n), (6) 


where n — exponent in the dependence of the mean free path of the electron / on the energy 
E: /~ £2, Taking this into account, as well as the fact that, as indicated, we can confine 
ourselves to small AT/T| <1, we linearize the boundary condition (5), whereupon it 
assumes the form 
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where Te is the temperature of the surface of the layer in the absence of current. 


The initial distribution of the temperature can be readily obtained, and it has the form 


T (@, t) io = T° (") = To + 2. (9) 
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Thus, an approximate solution of the problem reduces to a solution of equation (2) with 
boundary and initial conditions (4), (7), (9). 
We seek the solution in the form 


ite (@, t) = Uy (z, t) cia Us (x). (10) 
The stationary part ug(x) is 
leo) Te 4. ~ dR (ea ee) = _ = (1 a) Co) 
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The value of ug(x) for x = 0 is 
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The nonstationary component uj(x,t) is expressed by the series 
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where 
Xm (x) = cos Om ia <—sindm =; z= at 
and vy are the positive roots of the equation 
Hage eed 
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In order of magnitude whenH <1, vm ~F (2m — 1), m=1,2,... the coefficients C,, 
are equal to 
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The nonstationary parts of the solution u,(x,t) attenuate exponentially with time. A direct 
calculation of the coefficients Cm by means of formula (16) shows that |Cy|~ 1/v2, as 


m ~~ and therefore the series (14) converges. At small currents, when|y| =|Ird/xo| <1, 
the coefficients Cy are equal to 


o 2 Id | LEI Lee se ce ee 
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It is seen from (17) that at sufficiently small currents, when the effect of cooling at the 
surface predominates over the effect of release of Joule and Thomson heat in the volume, all 
the Cm have the same sign and the time dependence of T(x,t) is a monotonically decreasing 
function of t. As the current I increases, some of the first coefficients Cy, may reverse 
sign, and the dependence of T(x, t) on t ceases to be monotonic. Under definite values of x9 
and g, this can occur when |y|<1, so that (17) still holds true for Cm. 

Let us see now how the temperature of the surface x = 0 changes as the current drawn I 
increases, in the case of sufficiently long anode-voltage pulses. From (13) with |y|<«<1 we 


obtain 


5 KT? 7 
AT = (0, 00) —73= 2] —(x-n 1) + 2 Jue ay. (18) 


If (18) is valid for the current 
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i.e., ly| = |Iord|/xo «1 then it follows from (18) that when I <I the surface of the layer is 
cooled by the emission current drain, and when I >Ig the surface is heated. If we can neglect 


kT 
the dependence of A on I, i.e., 4W > n-@ : I, then we obtain from (18) that the maximum 
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cooling of the surface occurs at a current Ipin ~ 19/2, with 


0 \2 
AT min = —5~ (x — (op Ay: (20) 


é 


It is seen from (19) and (20) that in the case we are currently considering, that of rela- 
tively low currents, the current Imin, which guarantees maximum cooling of the surface in 
the new stationary state, is determined essentially by the resistance of the coating d/o, 
while the amount of cooling AT;,jn is determined by the ratio o/x9. With further increase 
in current, when |y|~ 1, the Thomson effect greatly influences the value of T(0, ©). How- 
ever, the case |y|~1 is probably not realized in practice, since the relation |y| ~ 1 is 
obtained in a wide interval of values of the parameters xg, o, and 7 at very large currents, 
which in accordance with (18) result in a considerable overheating of the surface and a 
destruction of the coating. Thus, in the stationary mode, when the current drain is rela- 
tively small, the influence of the Thomson effect on the surface temperature is generally 
speaking insignificant. 

Let us examine the behavior of T(x,t) at small t, satisfying the inequality 
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It is easiest to obtain an asymptotic expression for T(x,t) when (21) is satisifed by solv- 
ing, by operator methods, the initial equations (4), (2), (7), and (9) and neglecting all the 
terms that contain factors of order exp (-d2/a2t) after taking the inverse Laplace transform. 

In this case we obtain for the temperature T(x, t) the following expression 


Pej ty = P(e) ES (ques Ee ratte )|— 


OXo Kol 


ld (; et \e HY, (x, 2), (22) 


where 


xy . 


4 e34 (2H — y)erfe Es (= LoVi 


ale — 4H (4H? — y?)exp » 
Pek ie 5 y? \ at 2 oe x ’ a Vi , 
Z E d r (4 4 ) a Jerte[. Vi id d i (23) 
7 ( 1 

rfc (z) =1— ——\erde; H= AL: 

erfe (x) a wu: - (24) 
ee en a ie eh ST Se bd _ Ird 
Z Xo ‘a ve (4 ¥ e 1); Cle az i Zo ; 


The expression for fg has a similar structure; we do not cite it here because of its com- 
plexity. We note only that both fj and fo change at a fixed point x >0 from values 


fi It = 0 = fzlt = 0 = 0 to a certain new stationary value, within a time which is approximately 
determined by the conditions 


ida Va wh ae (25) 


Thus, the cooling wave, brought about by the start of the current drain at the instant t=0 
and propagating from the surface x = 0 inside the layer, causes an appreciable change in the 
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temperature at the point x > 0 at the instant of time t, determined by the conditions (25). 
The temperature of the surface x = 0, if (21) is satisfied, has a value 


FF Ve eS pl) mo _ Td kT) a Vi 2 -| 
AT’ = T (0, t) —T) = — (4-2 \( u \ Ve [- 
Pa ee \ow 
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From this we obtain the position of the minimum tyjy on the curve T(0,t): 
cd? Ns kre? 
tmin= “Te (1S) (X—n 2) (1+ By. (28) 


In this case the inequality (21) should be satisfied for tryin. The depth of the minimum is 
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(29) 


It follows from (27) and (29) that the explicit dependence of AT te on the current I is gen- 
erally speaking insignificant. The Thomson coefficient 7 enters into (26), (27), and (29) via 
B and H; in the case of small t the influence of the Thomson heat on the values of AT},ip and 
tmin is also insignificant. We can verify further that AT vanishes when t > 4tmin, i.e., the 
temperature of the surface x = 0 becomes greater than TS already within a time > 4t~pjn after 
the start of the current drain. 

We now compare AT, jn from (20) with IN Wes from (29). Expression (20) has been 

kT 

obtained subject to condition |Igtd/xg| «1, where Ig =29 (x- tte expression (29) has 


been obtained subject to condition (21) for tyjn. It follows from (28) that t,,;, is all the 


smaller, the smaller Ig and the greater I. It is therefore possible that when t > ~ and at 
small currents I ~ Ig expression (20) will hold*for the same layer for which expressions 
(28) and (29) hold when t - 0 and the currents I are large (it must also be taken inte account 
that the other parameters of the layer can change with increasing I). 

From (20) and (29) we obtain AT}, in/ATmin ~ o'/o, where the conductivity for the large 
current is denoted by o'. Thus, drawing of very large pulse currents leads to a cooling of 
the surface within a time t ~ tmin; the extent of this cooling can be of the same order as the 
maximum possible cooling in stationary drain of relatively small currents, provided the con- 
ductivity go does not change strongly with changing I. 

Using (28) and (29) we obtain the connection between tyin and Prank 


ped (30) 


From the foregoing expressions (13), (14), (18), (22), and (26) for T(x,t) when ly| « 1 
we get the qualitative time variation of the temperature of the free surface T(0,t) as shown in 
the figure. In the range of current values 0 <I <Ip/2, T(0,t) decreases monotonically with 
increasing t; maximum cooling takes place at I ~ Iy/2 (curve 1). When Ip/2 <I <I we 
obtain curve 2; when I >I and the position of the minimum shifts toward t, the surface 
begins to heat up strongly after a brief cooling (curve 3). 

In solving equation (2) we assumed the coefficients a2, b, and F to be constant. If we 
make use of the orders of magnitude of the parameters given below, then according to (20), 
(28), and (29) the magnitude and the time lag of the cooling effect will be determined essen- 
tially by the parameters I, 0, x, x, andpc. These parameters depend themselves on the 
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temperature, and consequently should change when 
the surface is cooled, with only I and o changing 
most radically when |AT|/T <1. The decrease in 
go upon cooling should lead, according to (20) and 
(29), to a decrease in the cooling effect itself. Since 
usually experience shows that I/o increases with in- 
creasing temperature, tmin can shift with decrease 
in temperature, in accordance with (28), toward the 
larger t, and the effect of cooling will decrease after 
a time t.< 10-4 sec. Thus, an account of the depend- 
ence of the coefficients a2, b, and F on the tempera- 
ture in equation (2) will apparently not bring about an 
increase in the cooling effect. 


7 


2. DISCUSSION OF RESULTS AND COMPARISON WITH EXPERIENCE 


We first note the following. The reduction in the temperature of the layer of the coating 
next to the surface influences the emitting ability of the cathode in two ways. First, the cur- 
rent from the surface of the cathode I' (this current generally speaking is not equal to the 
through current I) changes because of the change in the concentration of the current carriers 
in this region; for an appreciable change in concentration it is necessary that the cooling 
extend over a depth on the order of the screening length; this process will last a time tatrec, 
tprop, Where trec is the time necessary to establish recombination equilibrium between the 
conduction band and the volume donors, and tprop is the time necessary for the cooling wave 
to propagate inside by a length of order of the screening length. Second, the current I' 
changes because of a change in the average kinetic energy of the electrons; for this purpose 
it is necessary that the cooling extend over a region of thickness on the order of the length 
ly, at which temperature equilibrium is established between the carriers and the lattice. 
The length /p is generally speaking smaller than the screening length, and the duration of 
this process obviously will be less than the times tree and tprop. The initial phenomeno- 
logical equations are incapable of accounting for the change in temperature at distances less 
than or of the order of lp. We can therefore assume that the temperature in the region 
0<x<lp is T(0,t). Thus, the change of the current from the surface of the cathode I' with 
time, in such an analysis, is determined by the dependence of the temperature of the surface 
T(0,t) on the time t. On the other hand, the change in the through current I with time will in 
this case depend appreciably on the magnitude of the applied anode voltage Ug. If Ug is suf- 
ficiently small, so that the current drain I occurs under space charge conditions in vacuum, 
then the change in the current I with time will be small so long as the current from the sur- 
face is I'(t) >I(t), and consequently the concentration of the electrons at the surface of the 
cathode in the vacuum does not differ greatly from its equilibrium value. As noted in [10], 
an analogous small change in current I occurs when the cathode operates in the space-charge 
mode, and also in the mechanism of current fall-off considered in [1,10]. At large Ug, 
when all the emitted electrons are carried to the anode, I' =I and the time dependence of the 
current is determined by the change in the surface temperature T(0,t) during the time of the 
pulse of Ug; i.e., it will depend on the values of the layer parameters %Q and og, and also 
onl itself. In the estimates below we confine ourselves to only this case of large voltages 
Ug. 

We neglect for the time being the polycrystalline structure of the coating and choose 


parameters x 9, 0, and 7, etc., which characterize the layer on the average. Let 
d= 10-2 om, x =1v, kT@/e = 0.1 v, T) = 1160°K, W = ragT$4 = 2.8 w/em2, since 


r= 0.25 — 0.30 [18], pe = 2 J/cm8 - deg [18, 12], n=1. As for the majority of semiconduc- 


oq 


tors, for an oxide coating we get Tr = T2 aT © 


Ta ~ 0.1 in [19] at T ~ 1000°K; a — specific 
thermal emf. 
The data for x9 are highly scattered [18, 15]: xg = 107-3—5. 1079 w/em- deg, the latter 


value being the most likely, since it is obtained by direct measurement with the aid of thermal 
probes [15]. 
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At the values chosen, we have m0 22 =a/t/d ~ (2—0.5) /t . We confine ourselves to an 
examination of the temporal changes in the quantities, occurring after t Sp 10-4 sec. For 
such values of t, the inequality (21) is well satisfied: z1/2 «<1. Establishment of a new sta- 
tionary state, as can be seen from (14), occurs after a time t ~ d2/a2, which in this case is 


considerably greater than tg. Thus, the cooling wave traveling from the surface inside the 
layer can propagate after a time t < tg over a distance xg «<d. It follows therefore that in 
the effect considered only the values of the parameters for the near-surface layers of the 
coating are of importance, and also that the boundary conditions for the temperature at the 
core do not play an appreciable role. The latter can also be readily traced by examining 
the asymptotic behavior of the Laplace transform of the temperature T (x, s). 

The coating resistance was measured in [13] over a wide range of currents 0 < I< 50 
a/cem2, For the internal layer the value obtained was d/o ~1 ohm-cm?. In [14], a direct 


measurement has shown (at relatively small currents) that the near-surface layers of the 
coating have a larger resistance than the internal layers. In addition, it is known that the 
near-surface layer (with thickness ~ 10-4 cm) of a mixed coating is enriched with strontium 
oxide, the resistance of which is considerably greater than the resistance of barium oxide 
[13, 20]. Thus, it appears to us more realistic to take for the surface layer resistance a 


value d/o ~1 ohm- cm2, and not d/o = 0.01 ohm- em2, as was done in [12]. 

Thus, for the chosen values of the parameters, using (19) and (20), we obtain for 
x0 = 10-3 w/em: deg values A ~1071, y ~1073 I (a/cem2), Ig ~ 2 a/em?, ATmin ~ — 4K°; 
and for x9 = 5° 10-5 w/em - deg we get A~2, y~2: 10-21 (a/cm?), Ip ~2 a/cm2, 

ATmin ~ — 30K°. In both cases the maximum cooling takes place at relatively small 
stationary currents IQ. 

It is seen from this estimate that by drawing sufficiently long pulses (tpulse 2 d2/a2) of 
relatively small currents the surface can become appreciably cooled, and thus the drawn 
current itself reduced. : 

Let us examine expressions (28) and (29) for Atmin and ATmin, obtained by solving the 


nonstationary equations. As was already noted, for the times considered here the inequality 
(21) is fulfilled over a wide range values of x9, and expansion (26) can be used. When 


209 = 10-3w/em - deg we have tmin~ 5+ 1072 I-2 (a/em2) sec, ATipin ~ — 3K°; when 
x9 =5- 10-5 w/em- deg, we obtain tmin ~ I-2 (a/cm?) sec, ATinin = — 60K’; in order to 
satisfy the condition ae <«< 1 it is necessary in this case to have I> 1 a/em2, Thus, at 


the first value of xg, we get tmin < to when I 2 30 a/em2, but AT is small. For the 
second value of xg small tyjn and large ATmin can exist simultaneously only for large 
currents; at small values of I the position of tmin shifts toward the larger t and the cooling 
effect to t <tg becomes small. From (30) with ATinin = — 100K’, tmin = 1074 sec we 
obtain I = 140a/cm2. 2 

Thus, for a polycrystalline coating with mean values of the parameters xg ~ 5+ 107 
w/em: deg and d/o~1 ohm- em” for near-surface layers, the cooling effect after a time 
t-S 10-4 sec is appreciably only at very large currents (I 2 100 a/cm2). This result was 
obtained in [12] for a value of 79 which is ten times greater, owing to the somewhat arbi- 
trary reduction in the resistance d/o. 

One can sometimes find in the literature values of x9 which are smaller than the yale 
which we have used [15]. At such small values of x9 we obtain from (25) that after t~ 10m 
sec the cooling extends to a depth xg < 10-4 cm, i.e., in practice a value smaller than or 
equal to the dimensions of the microcrystals. It follows therefore that one cannot substitute 
into the resultant expressions parameter values that characterize the coating in the mean, 
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which are determined in experiments on the measurement of x9 and g. In the case of 
coarse-grain coatings, obviously one comes closer to reality by estimating the order of 
magnitude and time lag of the effect by considering the cooling of a monocrystalline layer 
of thickness d. Since for a single crystal of barium oxide the values of T, pc, d, x, and T 


are the same as before, and values x9 ~ 107? w/em~ deg and 1/¢ ~ 0.5 ohm: cm have been 
assumed for xg and 1/o [21], we obtain the following values: the depth of penetration of the 
cooling after t< tg is x9 24: 10-4 em, A «1, ly|« 1 for 1,s 100 a/em2; the stationary 
current ensuring maximum cooling is Imin = 1/2 Ig ~ 45 a/em2; ATyin ~ — 200K°. In the 
case of nonstationary current drain, tmin now shifts toward the larger t, and when t < tg, 

I < 100 a/cm2 we have from (26) AT'~ — 201 (a/em2) /t(sec) K°,i.e., the effect is small 
even at large currents. If we take in this case xg ~ 10-4 w/cem: deg then xp <2- 10-4 cm, 
AT’ == 701 (a/cm2) /t(sec) K° and the effect will be considerable only at currents I > 100 


a/ecm2, From our comparison of the theoretical and experimental data we can draw the 
following conclusion. Both in the case of minutely crystalline coating, which has low heat 
and electric conductivities x9 and g, as well as in the case of coarse~grain coatings, which 
have large values of x9 and o in the individual grains, the effect of coating after a time 

t < 10-4 sec is appreciably only at large currents (I> 100 a/cm2) and obviously does not 
play an essential role in the observed fall-off of relatively small currents [2, 3]. Account of 
the inhomogeneity of the emitting surface could hardly change this result, since this would 
require that the ratio of the effective emitting surface to the surface of the cathode be on the 
order of 10-2, which is little likely. 

For a final clarification of the question of the influence of cooling of the layer by current 
drain on pulsed emission it is necessary to know simultaneously the coating parameters %Q, 
o, andI. The coating must be either very finely crystalline or coarse grained, so as to be 
able to apply to it either the averaged parameters %g and g or the parameters pertaining to 
each individual grain. In this case interest is attached to experiments with sufficiently large 
and long current pulses, at which one could observe the heating of the coating during the time 
of the pulse, and thus, estimate the values of ATjpin and typin- 

In conclusion, I thank K.B. Tolpygo for advice and interest in the work and I.M. Dyk- 
man for useful remarks made upon learning of the results obtained here. 
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PHYSICAL PROPERTIES OF THE CESIUM PLASMA 
IN A THERMIONIC ENERGY CONVERTER 


N.D. Morgulis, Yu.P. Korchevoi 


Results are given of an experimental investigation of the physical properties of a plasma 
produced in cesium vapor during the operation of a thermionic converter of heat into elec- 
tricity [4]. It is shown that such a converter can operate in two essentially different modes: 
"quasi-vacuum" at low pressures and "arc" at increased cesium vapor pressures. The 
properties of the plasma and all its parameters (distribution of potential and the jumps of the 
potential near the electrode, the temperature and concentration of the electrons, etc.) are 
noticeably different in the two cases. In particular, in the former case the plasma is pre- 
dominantly thermal and in the latter it is predominantly gas-discharge. A direct correspond- 
ence is shown to exist between the output voltage of the converter and the change in the 
contact potential difference between its electrodes, etc. All these data enable us to draw 
several interesting conclusions concerning the nature and the role of phenomena in the 
plasma of such converters. 


INTRODUCTION 


The problem of direct and highly efficient conversion of heat into electricity assumes at 
present great national economic significance [1]. From among the different methods of such 
conversion, great physical interest attaches to the thermionic method, the general princi- 
ples of which are described in the reviews [2], and which has prospect of practical feasi- 
bility. The most widely used thermionic energy converter is at the present time a vacuum 
two-electrode electronic device filled with cesium vapor at low pressure. The purpose of 
this vapor is to neutralize the electron space charge by means of the thermionic ions of the 
cesium obtained at the cathode, and to produce contact potential difference to accelerate the 
electrons. However, the presence of cesium vapor inside the device may lead to the occur- 
rence of a cesium plasma, i.e., a gaseous semiconductor; the latter, in turn, can exert an 
appreciably influence on the characteristics of the operation of the converter. At the present 


1859 


time there is no complete understanding of the mechanism of the operation of the thermionic 
converter and of the role of the cesium plasma produced in it. Thus, for example, some 
researchers [3], emphasizing the predominant role of the latter, have also called ita 
"plasma thermocouple", although there are grounds for assuming that the main role in the 
operation of such a converter is played by electrode phenomena, i.e. , the thermionic 
emission of its cathode and the contact potential difference between its electrodes. 

In this connection, the need arises for a detailed investigation of the physical properties 
of the cesium plasma under real operating conditions of the device. With this in mind, we 
started suitable investigations, the preliminary results of which we published in [4]. The 
data cited there enable us to make tentatively some new interesting physical conclusions 
concerning the properties and the role of the phenomena in a cesium plasma of a therm- 
ionic converter. At the present time the necessary measurements have been to a certain 
degree completed and their results are reported in the present article. 


1. INVESTIGATION PROCEDURE 


The investigation of the question considered here was carried out with the aid of the 

experimental vacuum tube shown schematically in Fig. 1 and filled with cesium vapor. 
These tubes had the following: a cathode (1), consisting 
1 of a tungsten ribbon coated with thorium bicarbide 
=A ThCg, and an anode (2) made of tantalum (coated with a 
i Pam film of cesium during the time of the experiments). 
p oft F The latter had both guard rings (to be able to measure 
dae the parameters of the converter only from the central 
uncooled part of the cathode), and a radiator, not 
Weiss, Al shown in Fig. 1, to improve its cooling; the inter- 
electrode distance was 5mm. The use of a ThCg cath- 
ode guaranteed good electronic emission and good conversion power in a medium range of 
temperatures, on the order of 2000°K [5]. 

The temperature of the cathode was determined with the aid of an optical micropyrome- 
ter, and that of the anode by means of a tungsten-platinum thermocouple (3); the leads to 
the latter were enclosed in quartz tubes. A probe (4), consisting of a tungsten wire 0.1 mm 
in diameter and ~1—1.5 mm long was inserted in the interelectrode space; the lead to the 
probe was enclosed in a double quartz sheath, preventing surface leakage. The probe was 
fastened on glides (5), connected with a frame on a screw which permitted it to be displaced 
along the cathode-anode distance and thereby determine the parameters of the investigated 
plasma at different points of the interelectrode space. To eliminate the distorting action of 
the electric and magnetic fields of the cathode filament current, the latter was fed by the 
well known procedure of using alternating current with rectifier [6]. All the measurements 
in the tube and probe circuits were made oscillographically only during that half cycle in 
which the filament current of the cathode was cut off by the rectifier. To prevent the probe 
from overheating by the electron current flowing through its circuit, a special commutator 
was included in this circuit, which reduced the average value of this current to approxi- 
mately one tenth. All the measurements were carried out in four operating modes of the 
thermionic converter: 1) short circuit; 2) considerable converter power delivered to an 
external load; 3) maximum conversion power delivered; and 4) nearly open circuit. In 
addition, these measurements were made over a wide range of values of the pressure p or 
of the saturation temperature t of the cesium vapor in the tubes. 

A typical example of a family of probe characteristics obtained under such conditions 
is shown in Fig. 2a for the case of relatively low values t = 120°C (p = 2:10-3 mm Hg) and 
in Fig. 2b for increased values of t = 210°C (p = 0.1 mm Hg) at one definite position of the 
probe. The ordinates represent the values of log Ipy +C. The numbers on the curves 
denote the sequence of the operating modes listed Sone: All the basic probe character- 
istics, including those shown in Fig. 2, have been plotted relative to the converter anode; 
to determine the potential of the cathode (see below), similar characteristics were plotted in 
addition also with respect to this electrode. All these characteristics have a perfectly nor- 
mal form, which enables us to determine with their help the distribution of the potential in 
ve converter space, and the concentrations and temperatures of the electrons, as was indeed 

one. 

An important factor in such measurements is the constancy of the contact potential 
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difference AU',, between the probe and the anode of the converter. One might think that the 
data below show convincingly that in our case the condition AU', = 0 is satsified almost all 
the time, since both the anode and the probe should be covered with a film of cesium with 
nearly equal degrees of coating. Nevertheless, to verify this circumstance we constructed 

a special tube, duplicating the construction of the preceding tube, except that above-described 
probe was replaced by a point-like tungsten-platinum thermocouple, which made it possible 
to determine its temperature in the near-cathode and near-anode regions of the working 
converter with account of the heat rise produced in the probe by the electron current flowing 
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Fig. 2 


through its circuit. Using the data of [7], we could therefore ascertain whether a film of 
cesium could exist on the probe, since such a film, judging from the temperature, was 
always present on the anode. These experiments together with the data of the probe meas- 
urements over the entire distance from the cathode to the anode lead us to conclude that 
even in the most dangerous case of the lowest temperature t = 120°C the value of AU', was 
practically constant and probably close to zero. 

In the additional case of probe measurements relative to the cathode, the value of AU" 
between the latter and the coldest probe was assumed to be ~1.6 v (see below). Finally, we 
point out that a noticeably high interelectrode distance (relative to the case of a normal con- 
verter, where d< 1mm), namely d=5 mm, was necessary to obtain the curve for the dis- 
tribution of the plasma parameters in this space. Although this circumstance has caused a 
certain decrease in the output power of the thermionic converter, the values obtained here 
for the plasma parameters should be normal, as can be seen in part, for example, from a 
comparison with the data of [4]. 


2. RESULTS OF THE MEASUREMENTS 


The probe characteristics shown in Fig. 2 were plotted by us in a wide range of values 
of the temperature 100—250°C and under the aforementioned operating modes of the con- 
verter. In examining these characteristics, we call attention first of all to one of the most 
interesting questions, namely the distribution of the potential in the interelectrode space. 
Similar curves U = f(x) for the two most typical cases t = 120 and 210°C shown in Fig. 2 are 
plotted in Figs. 3 and 4; the numbering of the curves corresponds to the converter operating 
modes indicated above (1 — short circuit, etc.). The data of Fig. 3 correspond to a short- 
circuit current Ig = 2.2 a/em2 and an optimum output power and voltage Wm = 3.2 w/cm2 
and Um = 1.6 v; corresponding to the data of Fig. 4 are values Ig = 10 a/om4, Wm = 2-7 
w/em2, and Um = 0.5 v. In addition, the dashed curves of Figs. 3 and 4 show data for 
t = 140 and 200°C obtained with a different tube. All these data fully confirm the conclu- 
sions given in [4], on the basis of a much more limited material, namely that there exist two 
manifestly different and practically usable operating modes of the thermionic converter, 
namely the quasi-vacuum mode at low temperature and the arc mode at increased tempera- 
tures. The first mode must be distinguished from the true vacuum mode, which calls for the 
distance between the converter electrodes to be made very small [2]. At the same time, all 
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these potential-distribution curves of Figs. 3 and 4 show clearly that in both cases the inter- 
electrode space of the converter contains a plasma with a typical distribution of potential and 
resultant equality of the electron and ion concentrations. The character of this plasma, how- 
ever, and the positions of the adjacent near-electrode potential jumps turn out to be quite 
different in the two extreme cases. 


Fig. 3 Fig. 4 


In the first, quasi-vacuum mode, the electron gas-kinetic free path Ag, determined on 
the basis of [8], turns out to be considerably greater than the interelectrode distance d, 
i.e., Ae > d. The plasma obtained in this case is directly in contact with the cathode and is 
separated from the anode by a potential jump Ug. In the short-circuit mode the value of Ug 
is close to the value of the contact potential difference AUg between the converter electrodes; 
in our case with electron work functions ¢ = 3.2 ev and ¢, = 1.6—1.8 ev for the cathode and 
anode respectively we should obtain AUg = 1.4—1.6 volts. 

As we go over from the short-circuit mode to modes with external load, and finally as 
we go to open-circuit operation, the value of Ug decreases gradually, passes through zero 
(at approximately the optimum -power mode), and then reverses sign. Incidentally, curve 1 
of Fig. 3, as expected, is quite close in character both to the curve obtained experimentally 
in [9], and to curve III of Fig. 61 of [10], but for cases where anode voltage is present. The 
electrons and the ions in the interelectrode space were obtained essentially by thermal 
means on the surface of the cathode; such a plasma, of course, hardly produces any glow. 
Although in this case the condition }, > d is satisfied, there occurs here, as in many other 
similar cases, a strong electron-ion volume interaction of a specific nature [11]; this inter- 
action brings about an undoubted occurrence of a typical plasma in this case, with all the 
characteristic features of such a plasma. 

In the second, arc mode, the inverse relation holds true, namely}, «K d. The plasma 
obtained in this case is separated from the cathode by a considerable potential jump Ug; it is 
separated from the anode by a small negative potential jump Ug, i.e., a jump that slows 
down the plasma electrons. In the short-circuit case, when the current flowing is always 
close to saturation, the value of Ug relative to the plasma should be Ug = (AUg + Ug), i.e., 
Ue 2 2 volts. 

On going over from the short-circuit mode to the mode with the external load, the distri- 
bution of the potential in the plasma remains unchanged; in this case, however, a corre- 
sponding reduction takes place in the cathode potential jump. When the thermionic converter 
operates under these conditions, the plasma glows intensely. All this convinces us that this 
operating mode is quite close to the case of an ordinarily low-voltage arc discharge with an 
incondescent cathode in a gas at reduced pressure; the ignition potential of such a discharge 
may be even lower than the potential necessary to excite the atoms of the gas (see curve II 
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of Fig. 61 of [10]). A similar discharge in cesium vapor was investigated in detail by us in 
the past [12]; we give below additional arguments in favor of this analogy. The plasma ob- 
tained has in this case an undoubtedly mixed character (thermal to a lesser degree and gas- 
discharge to a greater degree), since the jump in the potential in the interelectrode space 
~ Uc can noticeably exceed in this case the excitation potential of the cesium atoms, the 
value of which is 1.5 volts. Consequently, and also owing to the great density of the electron 
current, all the conditions necessary for a noticeable excitation and for a stepwise ionization 
of the cesium atoms are present. 

In parallel with the data of Figs. 3 and 4, we show in 
Fig. 5 the distribution of the electron concentration in the 
interelectrode space, on a logarithmic scale, for the short- 
circuit mode in the cases t = 120°C (curve I) and 210°C 
(curve II). We observe here not only the difference, natural 
under these conditions, in the absolute values of this quantity 
Ne, but also an appreciably difference in the character of its 
distribution in space. Whereas in the arc mode Ne is approx- 
imately constant [12], as is characteristic of this case, in 
the quasi-vacuum mode there is a clearly pronounced gradient 
of this quantity. The latter is obviously connected with the 
occurrence of electrons and ions essentially only on the sur- 
face of the cathode and their subsequent diffusion from there 
into the remaining space. 

An appreciable change occurs on going from the quasi- Fig. 5 
vacuum to the arc mode in all the parameters of the plasma 
and the thermionic converter as a whole. This is seen from Fig. 6, which shows the depend- 
ence on the cesium vapor saturation temperature t of the following quantities: the logarithm 
of the concentration of the electrons, ne(I); the potential of the plasma relative to the anode, 
Upa (I); the temperature Tg (III) of the electrons corresponding to the short-circuit mode 
with current Ig (IV); and also the optimum converter power Wy (V). The region of transition 
from the first mode to the second is approximately at 140°C, corresponding to p =~ 5-10-3 
mm Hg and Ae ~ 2 mm (at an approximate electron energy of one volt [8]), i.e., whenAed. 


120 160 200 Uo °C 
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It is interesting to note that in a similar changeover to the arc mode of the conversion, there 
occur, in particular, a reduction in Tg and an increase in ne to values typical for the cases 
of a low-voltage arc discharge in cesium vapor [12]. Under these conditions, the change- 
over from the short-circuit mode to the optimum-power mode does not change the values 

of Te and ne appreciably. 

We do not give the numerical values of these quantities for the different cases, since 
they have been published in [4]. Finally, the important role of such a transition from the 
quasi-free to the diffusion [13] mode of electron motion is seen also in Fig. 7, which shows 
the characteristic delays in the electron current for 120°C (Ag >d) — curve Ie AOR (Ws Gl) — 
II; and 210°C (\e « d) — Il. A gradual and understandable deformation of these character- 
istics is seen clearly in this figure [7]; to obtain a maximum output voltage and conversion 
power (with Ig = const), as can be readily seen, it is best to employ the quasi-vacuum char- 
acteristic I. 
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It is well known [2] that the effective operation of a 
thermionic converter is connected essentially with the use 
of the contact potential difference between its electrodes 
AUg. A convincing proof of this statement follows from a 
comparison of the parallel shift in the probe characteristics 
AUpr, which determines the change in AUg, and the simul- 
taneously measured output voltage of the converter UR 
across an external resistor. In connection with the specific 
(see Figs. 3 and 4) distribution of the potential it is easy to 
understand that to resolve this question it is necessary to 
plot similar probe characteristics for 120°C with respect 
to the anode, and for 210°C with respect to the cathode of the 
converter. The results of such measurements are shown in 

Fig. 8 Fig. 8, where the asterisks pertain to 120°C and the circles 
to 210°C. The points obtained (with one exception) fit well 
on a straight line, almost coinciding with the 45° dashed line, i.e. , actually AUpr = UR. 
This circumstance offers undoubted evidence that the output voltage of the converter is due 
to the use of the contact difference. of potential between its electrodes, as follows from the 
"electrode" notions concerning the operation of this device [2]. 

In connection with what was said above with respect to the arc mode of the operation of 
the converter, it is interesting to compare it directly with the usual low-voltage arc dis- 
charge with incandescent cathode in cesium vapor under approximately identical experimental 
conditions. For this purpose Fig. 9 shows plots of the distribution of the potential for cases 
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of thermionic converter in the short-circuit mode (1) and a similar arc discharge (2), ac- 
cording to the data of [12] under identical conditions I9 = 4a/cm2 (on the cathode) and 

t = 250°C; in this case the interelectrode distance was different, dj = 5 mm and d2 = 30 mm. 
We see that both curves (the near-electrode regions of which are shown schematically) are 
quite close to each other in character. Moreover, the values of the parameters of the 
plasma obtained under these cases are also quite close to each other, namely: in the former 


case ne = 5-1012em-3, Te ~ 2600°K, Ug = 1.8 volt and Ug = -4 volt, and in the latter case 
Ne ~ 7-:10-2cem-3, Te ~ 2600°K, Ug = 1.3 volt and Ug = -0.3 volt; only the potential grad- 


ients in the plasma are somewhat different. 

Thus, all this is additional serious evidence in favor of the close analogy, indicated 
above, between the thermionic converter in the arc mode of operation and the ordinary low- 
voltage arc discharge in cesium vapor. 

From an examination of Figs. 7 and 9 we also make certain additional conclusions, on 
top of those made in [8], with respect to the effective transverse scattering q=1/, of the 
slow electrons by the cesium atoms. As the cesium vapor pressure p increases, the quasi- 
vacuum delay curve I of Fig. 7 goes gradually over into curve Il, which obviously character- 
izes single scattering of electrons, and finally into the limiting curve III, which character- 
izes multiple scattering. Comparison of curves I and I makes it possible to estimate the 
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order of magnitude of Q; thus, for example, for electrons with "thermal" velocities (To= 
~ 300°K) we obtain Q] ~ 40 cm-! (for p = 1 mm Hg). 

On the other hand, the same quantity can be estimated also from curve 2 of Fig. 9 on the 
basis of the value obtained from that curve for the plasma conductivity o = I/E and the mo- 
bility of the electrons in the plasma 
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in this case we obtain for the plasma electrons with Tg = 2600°K a value Qj] ~ 100 cm-!. 
Both values of Q pertain to the scattering of electrons by the cesium atoms, because the 
relative concentration of the ions of the cesium is quite small in both cases (on the order of 
10-3); these values of Q are quite approximate and undoubtedly need serious revision. 

In light of the statements made above concerning the arc mode of operation of the 
thermionic converter, it becomes understandable why we and the author of [14] observed the 
possibility of obtaining very large emission densities I9 for metal cesium cathodes in the 
short-circuit mode without the use of an additional ionizer [7]. Fig. 10 shows the depend- 
ence of the optimum value of Ig on t for the case of a tantalum cathode with a distance d=0.3 
mm. Each point of the curve corresponds to dynamic equilibrium of the cathode with the 
cesium vapor at the maximum of the dependence I0 = f(T¢) with t = const. We observe a 
strong increase in the quantity Ig, which reaches 15.5 a/cm2 at 350°C (p = 6 mm Hg) and 
Te = 1800°K. To all the points on the curve of Fig. 10 there corresponds approximately the 
same state of the cathode, and on the basis of the Richardson formula (assuming the entire 
current to be purely electronic), identical values of the electron work function y, ~ 2.8 ev 
with the value A ~ 320 a/cm2- deg2 for the constant. Thus, there should exist here a notice- 
able interelectrode contact potential difference, sufficient to maintain a powerful low-voltage 
arc discharge in the cesium vapor, for the indicated values of Ig, p, and d. 


3. CERTAIN DEDUCTIONS AND CONCLUSION 


This circumstance can impose definite limitations both on the methods and on the analy- 
sis of the results of investigations on the phenomena in such somewhat unusual plasma; the 
latter, in particular, can be regarded as a gaseous semiconductor [15]. It must be remem- 
bered that the nature of the plasma in the thermionic converter will have a different charac- 
ter, depending on the relationship between), andd. By virtue of this factor, the phenomena 
in the plasma of the converter can have noticeably different character under the two indi- 
cated modes, and can therefore require different analysis. 

Thus, in the operation of a thermionic converter filled with cesium vapor, regardless of 
the vapor pressure, there occurs in the interelectrode space a typical plasma. The plasma 
is characterized by the well known conditions dU/dx = E~const, i.e., Ne = Np, and then 

ip st 
Xp «d and rT1,KT; here xp “|/sretne ~10-4 em is the screening length and Ty, = 


~ 3 ~ 10-10 see is the period of the Langmuir oscillations; 7 is the duration of the 
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possible instabilities (oscillations) of our plasma. It can be easily shown that in all the 

cases described here these conditions do take place. However, unlike the ordinary plasma, 

the large densities of the current I that flows through the converter cause as a result the 


unusual inequality I> jyy, where jyy = eNe VkT,/27m is the density of the random current 


in the plasma. 3 

In determining the cesium vapor pressure pg, at which (\ , ~ d) a transition takes place 
from the quasi-vacuum into the arc mode (Po = A/Ae ~A/d), it must be remembered that 
this pressure also determines the transient density of the electronic short-circuit current of 
the converter Ip. In fact, the condition of dynamic equilibrium between the surface of the 
incandescent cathode and its surrounding atmosphere of atoms and thermionic ions of cesium 
[16], with concentrations ng and np, can be represented under conditions of short circuit of 
a device such as a converter operating in the quasi-vacuum mode (for a plane-parallel sys- 


tem) in the form 
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Here a and £ are the coefficients of ionization of the atoms and neutralization of the ions on 
the surface of the cathode, heated to a temperature T,; Tg = (t + 273°) Ug — the jump in 
potential at the anode; y — coefficient of volume recombination. In our case, on the basis 
of [17], the last number in equation (1) is very small. Hence, the limiting cesium vapor 
pressure necessary to neutralize the electronic space-charge current Ig, i.e., for Np = Ng = 
= I,/eug (with Uz « kTc/e), will have in the indicated mode a value 


py = LES) 7, VInmkT. ) (2) 
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Thus, for example, when Ip = 20 a/cm2 and To.= 500°K in the case q = 0.05 and B =0.95 
(corresponding approximately to a ThCg cathode [5]), we obtain pg ~ 2: 10-2 mm Hey ress 
t~ 170°C (Ag « d); in the case q~ = 0.95 and B= 0.05 (approximating a tantalum cathode) we 
obtain pp ~ 1- 10-3 mm Hg, i.e., t~ 115°C (Ae > d). On the other hand, knowing the value 
of PO from the expression Po ~A/d, we determine on the basis of (2) the value of I) for the 


limiting case of transition from the quasi-vacuum mode to the arc mode, etc.; all this is in 
satisfactory agreement with the experimental data. 

In the development of the arguments given in [3, 7, 13] one can, using the experimental 
data obtained in the present investigation, calculate in the Maxwellian distribution the near- 
electrode potential jumps of the converter in the open-circuit mode (curves 4 of Figs. 3 
and 4), i.e., ata current I =0. Under these conditions one can expect the presence of two 
potential jumps at the electrodes: Us at the anode and Ug at the cathode. The behavior of 
the cold anode is in this case equivalent to the behavior of an isolated (DI = 0) probe ina 
plasma, with a potential jump produced at the surface of the probe and retarding the plasma 
electrons 


, kT u kT Te aN 
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On the other hand, the potential jump near the cathode is also determined from the condition 
XI = 0; since in both cases t = 120 and 210°C the saturation current of the cathode Ig is 
greater than the sum of the random current in the plasma jjy and the thermionic current Ip> 
this potential jump will slow down the cathode current; its value is 


en eel Gale) (4) 


In similar fashion we obtain for t = 120°C the values Ug = 0.8 v and Uy = 1.4 v and at t = 210°C 
the values Ug = 0.3 v and U, = 1.6 v. A comparison of these data with the experimental 
curves of Figs. 3 and 4 shows that they are in satisfactory qualitative agreement, with ex- 
ception of one case, the near-cathode jump at 210°C, which for some reason has a sign 
opposite to that expected. 

In the second extreme case of short-circuit (curves 1 on Figs. 3 and 4) we observe the 
occurrence of large potential jumps Ug at the anode in the quasi-vacuum mode and Ug at the 
cathode in the arc mode. Obviously, both potential jumps are due to the concentration of 
excess space charge of suitable sign near these electrodes; i.e., in this case one can em- 
ploy the "two-thirds" law: 
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Here Ig and Ip are the densities of the electron and ion currents in the anode and cathode; 
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Xa and x, are the thicknesses of their space-charge zones. Thus, for example, according to 
the data of Fig. 3, for t = 120°C, Ig = 2.2 a/em2 and Ug = 1.6 v we obtain xg ~1- 1073 cm 
and Eg ~ Ug/xa ~ 10° v/em; according to the data of Fig. 4, for t = 210°C, assuming 

Tp =IeVm/7M, where Ip = 10 a/em? and Ug = (AUg + Ug) = 2.3 v, we obtain approximately 


the same values of X, and Eg. In the latter case, however, where the converter operates in 
the arc mode, it must be remembered that the ionic component of the current in the arc can 
have a different value, depending on the circumstances, and for the time being it is quite 
difficult to determine [12]. 

Great interest is attached to the fact that, in analogy with the case of low-voltage arc 
discharge [10], the near-anode potential jump Ug in a thermionic converter operating in the 
arc mode has a sign that prevents the drift of the electrons from the plasma toward the 
anode. Such a drift of the electrons against the electric field can occur only by diffusion; 
for this purpose it is necessary to have a sufficient gradient of electron concentration Ne; 
corresponding (in the Maxwellian approximation) to the condition 


An, He AU, 
— aw ease 6 
Me - D, one Pai ( ) 


e 


A 
De oe > nweH or 


where pe and Dg are the mobility and coefficient of diffusion of the electrons; E — intensity 
of the electric field. This means that in our case Te ~ 3300°K and the concentration of the 
electrons in the central region of the plasma is ng=4- 1012 em-3; at the very surface of 
the anode, the last quantity should be ng~1-1012cm~-3, The last figure, however, brings 
us to the density of the random current j}y ~ 2 a/cm2, which for some reason is noticeably 
less than the current in the converter circuit Ig ~ 10 a/cm2. 

Finally, the data given in [4] and here concerning the concentration and temperature of 
the electrons in the plasma enable us to calculate the coefficient of the Seebeck thermal emf 
[3] for different operating modes of the thermionic converter. It seems to us that there is 
no need for giving these values and comparing them with the experimental data, since evi- 
dence against such a "plasma" notion concerning the operation of the converter is afforded, 
for example, by such serious facts as: 1) the lack of correspondence between the near- 
electrode electron temperature and the temperatures of the hot cathode and the colder anode 
(see above and [4]); 2) the practical independence of the emf of the thermionic converter of 
the cesium vapor pressure in the wide interval¢t = 25 — 250°C [7]; 3) the presence of a cor- 
respondence between the output voltage of the converter and the change in the interelectrode 
contact potential difference (see Fig. 8). All this manifestly favors the "electrode" (see 
above) and not the plasma nature of the operating principle of the converter, although the 
phenomena in the plasma can leave a serious imprint [13] on its properties. The latter, as 
can be seen from Fig. 7, can manifest itself, for example, on the internal resistance and 
consequently on the output parameters of the converter, such as the voltage and power and 
meaning also the efficiency. Thus, the phenomena in the plasma of a thermionic converter 
should obviously have a secondary and not a primary character that decides its operating 
principle. 
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NEUTRALIZATION OF ION SPACE CHARGE 
BY ELECTRONS 


V.P. Ignatenko, A.S. Myasinkov 


We consider the process of propagation of one-dimensional ion beam, the space charge 
of which is compensated by introducing electrons at a certain cross section of the beam. 


INTRODUCTION 


At the present time long beams of charged particles with large current density are find- 
ing an ever increasing application. The characteristic feature of such beams is the inter- 
action between the charged particles comprising the beam, which imposes a limit on the 
possible current density and the length of the beam [1]. It is possible to obtain long intense 
charged-particle beams by neutralizing the space charge of the beam through the introduction 
of particles of opposite charge. The particles necessary for such neutralization can be ob- 
tained either by using the residual gases always present in a vacuum system [2], or by 
introducing particles of opposite sign into the beam. 

The purpose of the present investigation was to study the simultaneous motion of one- 
dimensional beams of differently charged particles under different initial conditions, when 
the electrons are introduced in a certain cross section of the ion beams and are dragged into 
the beam by the forces of the ion space charge. 

All the investigations were carried out under the following assumptions: 1) the motion 
of the electron-ion beam was assumed steady in the external stationary electrostatic fields; 
2) the presence of residual gases in the vacuum system and the associated ion charge- 
exchange processes were neglected; 3) recombination of charged particles in the beam was 
disregarded; 4) in the case when grid-like electrodes were used, we neglected the current 
loss on such electrodes, and the electric field was assumed constant in the plane of the grids; 
5) all the initial velocities of the charged particles were assumed to be equal. 
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1. FORMULATION OF THE PROBLEM 


Figure 1 shows the arrangement of the electrodes necessary to produce an electron-ion 
beam. The ion current, limited by its own space charge at the anode, is produced by the 
potential difference Vj. Owing to the energy obtained in the accelerating gap d, the ion beam 
reaches an electron emitter in the form of a grid, at a potential 0 < Vo < Vj, and then propa- 
gates in the drift space behind the electron emitter. The interelectrode gap J can be chosen 
such as to make the potential due to the space charge of the ions greater than the potential of 
the electron emitter Vo. Under the influence of the potential difference Vm - Vo; the elec- 
trons will be drawn into the ion beam, thus reducing the space charge of the ions. If Vo > 0, 
then the electron current becomes circulating; i.e., the electrons execute vibrational motion 
about the maximum of the potential Vy in the space (xj, 1). Under certain conditions the 
electrons can be dragged by the ion beam also in the drift space beyond the electron emitter. 


Ion emitter (anode) 
Ion-accelerating grid Electron emitter 


Ve 0 


Fig. 1. Arrangement of the electrodes necessary to 

obtain an electron-ion beam. Region II exists only 

in the case when B > 0 (Vm = Vj); A corresponds to 

the fraction of the reflected electron current jeo 
from the virtual cathode. 


However, the gap/ may be so large that not all the ions reach the electron source, but 
some ions return to the accelerating gap d. Thus, the problem of obtaining a long electron- 
ion beam can be broken up into two: 1) the problem of bringing the ion beam to the electron 
emitter (internal problem); 2) the problem of propagation of the electron-ion beam beyond 
the electron emitter (external problem). 


2. INTERNAL PROBLEM 


The distribution of the potential in the space occupied by the electron-ion beam is deter- 
mined, as is well known [1], by solving the following system of equations 


V*V = — 4 (p; —p,); (1) 
div je = div 7; ==) 


is (1') 


le= kere rheogt 
v= Zi = Vas (") 
yt = 2n, V,—V), 


where p— charge density; n — specific charge of the particle; v — velocity of the particle; 
i current density vector. The subscripts e and i pertain to the electrons and ions respec- 


tively. 
We could write the continuity equation in the form of two separate terms only by assum- 
ing that there is no particle recombination in the system. 
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In the one-dimensional case, the system of equations (1) can be transformed to a single 
equation 


av 4] 5 a i ) 
i Waa, (Way Vat) @ 


where w= ie J/m/M:; m and M are respectively the electron and ion masses. 
i 


In our formulation of the problem with a one-dimensional electron-ion beam, q will 


obviously be constant. 
Equation (2) is best written in dimensionless coordinates, introducing for this purpose 
the notation 


V x 
eee =@, S=Ft 
Vi e i bia l 
Then 
EO) a | 
= =A (3) 
ty Waa, vie) 
where 
40] 5 (ke 
V 2n, V3 


If there is no loss of ion current on the system elements and no recombination of parti- 
cles, then in the case of total limitation of the ion current by the space charges (E = 0 on the. 
surface of the ion source) the density of the ion current in the system is determined from the 
"two-thirds law" [1]: 


5 WE 
oes V2njiV ii (5) 
i oud? ? 


where d is the length of the accelerating gap. Substituting the value of jj from (5) into (4) we 
get 


4 ) 
A = 9°23 (6) 


where o =l/d. 


It is easy to solve equation (3) in a region I where there is no electron current (q = 0) 
by double integration: 


a(t = t= (eV yi =e aes 
— (2c, ++ Vite6,) (A to, ee, (7) 


where €, is the position of the turning point of the electrons in the interelectrode gap; c, is 
the integration constant. In region II the solution of (3) has the form 


SIS (Em — §) =I (Qm, Po)» (8) 


where 


i 
L (Pm Po) = gap l= a) (2 + VI = gy) + 
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+202V(i—9,) V1 —@, — «,)) + Yao) 


Vil 


(4c. 4 


2 (1 +02) {8cp [E (vy, k) + E(k)] — 


with 


1 


Po) (1 + a”) LF (vy, k) + K (h)]}}, 


(9) 


(i) 


aa 


Vi—q) (1 +o) ) 


Slee 


Vd—m) i +oe)—Vi-g 


V (4 — Qo) (1 + a?) — a 


where Yy = Vm/Vj is the relative magnitude of the potential maximum in the interelectrode 
space /; cg — integration constant; &m — position of the potential maximum; F(y,k), Ey. k), 
E(k), and K(k) are elliptic integrals in the Legendre form. 

To determine the integration constant we stipulate that the field intensity be continuous 


on the boundary between regions I and II. 


Then 


C1 = C2 =VI-%m +a VOm— 90 


Fig. 2. Dependence of the maxi- 
mum of the potential in the inter- 
electrode space on the ratio g at 
different potential biases on the 
electron emitter Yg. The dashed 
curve corresponds to 9 = yp. 


~n 


At sufficiently large electron emission from the source, the electron current becomes com- 
pletely limited by its own space charge a = am (the intensity of the electric field is equal to 


zero at the electron emitter). 


In this case 


(oy V1 — Po, 
4o2 4 — a" ) 
= m i é ™m 10 
Gm a mm a2)? T (; ae a2, Do ( ) 
and consequently 
s=(1+2V1I—9) Vi-Vi—o + 
4 En RB (h) — + VEER) KD ia 
(L % mn) 
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The dependence of the maximum of the potential Ym on the ratio g is shown in Fig. 2 for dif- 
ferent biases of the potential gj. In the region gy < 0 there is no solution, for in this case 
the electrons can be drawn into the ion beam. The dragging of the electrons into the ion 
beam becomes possible when 


6p og=(4 +2 Vidi 


It is clear from Fig. 2 that starting with a certain value 09 2 01 =09 + 2.73 (1 - v0)3/4 there 
exist two values of ?y for one and the same value of g. This case corresponds to the phe- 
nomenon of ionic hysteresis [3]. It is seen from Fig. 2 that for a given value of ~g we have 
OS Omax, Where Omax is determined from the expression (6) with ay = 0.516: 


Smax = Sy + 4.05 (1 — @y)”. 


At values o > Gmax there exists a solution with partial reflection of the ion current from the 
virtual anode produced in the interelectrode gap, to the true anode. If we denote the re- 
flected part of the ion current by 8j;, and the point of reflection in relative units is denoted 
by €,> then 


Se 


bie Teac (12) 
where ay, is determined for the specified values of o from the expression 
6= (1 + 20mV1— 9,)V1 =o V4 =o 4 
» 1,365 Che (WS ENGe pn, Sec a eRe) 
yy 1 unr 3/, =< m m ™m m 2 
F ( Po) V %n a4 a )2 V1 | air 
V2 om (1 — 90)” / 
36nue to [E (ky) + E (%, ky] — 
(4m + V1 + a2) 1K (Fx) + F (Yo Ai), er 
with 
+. 9 V1 + ar, ==" 
SD) = ee es 
is V1 =i geet iy 


= (1.8 ) 
a ales | 


From (12) and (13) we see that for a given value of ¢g the ion current is reflected when 
o 201; i.e., in the range of values 01 <0 S$ Omax there exist three different solutions, 
corresponding to different stationary modes of propagation of the electron-ion beam. 

It is interesting to note that a ~0 and 8 >1 when g > @;i.e., the values of the electron 
current and the transmitted part (1—)jj of the ion current decrease with increasing inter- 
electrode distance /. The position of the virtual anode is determined from the expression 


Em = 1 ve (1 — qo)”. (14) 
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In addition, if Yq > 0, then the electrons can not penetrate the accelerating interval d but 
are returned to the electron emitter by the forces of the ionic space charge from a certain 
section €1. The position of the turning point of the electron current can be determined from 
the following relation 


3 = (1+ 2o%mV 1 — Go) V1 — am V1 —q — 
= (2 etn + 1) VT ain (1 — 0)" (f5) 
If yo = 0, then the electron current that enters the accelerating interval causes an increase 
in the ion current, which in our case will correspond to a reduction of all values of o by an 


amount Vjj/jj9 , which is determined from the well known Langmuir relation [4] as a func- 
tion of a. 


Fig. 3. Dependence of o on the potential bias vq of 
the electron emitter, for different modes of propaga- 
tion of the electron-ion beam. The dash-line cross 
hatched area corresponds to total passage of the ion 
current without entrainment of the electrons into the 
interelectrode interval. The unshaded area corre- 
sponds to one possible stationary electron-ion beam 
with complete passage of the ion current. The doubly- 
hatched region corresponds to two possible stationary 
electron-ion beams with total passage of the ion cur- 
rent (region of ion hysteresis) and one stationary mode 15 
with partial reflectionof the ions. The singly-hatched ; 
region corresponds to a stationary electron-ion beam / 
with partial reflection of the ion current. 
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mC 
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Figure 3 shows the limits of the possible values of o for given values of yy > 0. If 
0 < gg<i and 0 < go < gg, then there is no potential maximum in the interelectrode space 
and the electrons are not drawn into this space. On the other hand, if og <a<o 1, thena 
single potential maximum is possible in the interelectrode space and the electrons are drawn 
into this space by the potential difference Ay = (_¥—Y9. Wheng , <o<Omax three values 
of the potential maximum @y are possible in the interelectrode space, corresponding to 
three possible stationary electron-ion beams, wherein the realization of any particular beam 
depends on the specific experimental conditions (for example, on the time of establishment 
of the stationary mode); when o 2 Gmax Only a stationary electron-ion beam with partial (or 
complete) reflection of the ions back to the source is possible. 

As was already indicated, in the presence of a positive potential bias on the electron 
emitter relative to the accelerating electrode, the electrons execute oscillation motion in the 
interelectrode space about the potential maximum, with a frequency 


(1—2)1 me WV Se ieee 
{ dl 1 2 eV ah os 
Vn = a ‘ =) = } 5 sd Vimy (16) 


%e 


i 
where 


aes (1+ a?)% ‘ 
6 V2 = Gay Eek i)” 


Ne — specific charge of the electron; a = am (case of total limitation of the electron current 
by its own space charge). 
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For example, when Vj = 10 kv, d=1 cm, and go = 0.1 we get vm ~ 220 mc. 
Thus, at specified values ~ > 0 we can choose go such as to cause the ion beam to reach 
the electron emitter in its entirety. 


3. THE EXTERNAL PROBLEM 


After reaching the electron emitter, the ions penetrate beyond it by inertia into the drift 
space, imparting to this space a positive potential, which in turn will cause electrons to 
move from the emitter into the drift space. The presence of the electrons reduces the poten- 
tial of the space, contributing to further propagation of the ion beam. Thus, the physical 
possibility is produced of obtaining long electron-ion beams. If we neglect the initial veloc- 
ities of the electrons, then we can determine the potential distribution in the drift space by 
using equation (3), the solution of which is a periodic function with period 


3 


2V 2a, (1 — @) "4 


7 (8 E(k) — (4+V4 4 o2,) Kap} a. (17) 


In this case, when the electron current is completely 
limited by its own space charge (a = am) We can 
show that the space charge density, averaged over 
the period of the potential distribution function, is 


j 
equal to zero. The quantity ay, = 7 v¥m/M depends 
i 


on the specific experimental conditions and is con- 
tained in the range 0 < ap <1. 

Thus, as follows from (17), even when the elec- 
tron and ion currents do not have equal densities 
there exists a finite quasi-mutual volume, corre- 
sponding to the period do of the potential distribution 
function. In particular, if je = jj and M> m, then 


Fig. 4. Dependence of the period on the potential 

distribution function on the quantity am, which 

characterizes the transmitted part of the electron 
current at different values of jn. 


dy~3a(1—q,)“d Wee (18) 


In the case when the current densities are equal, it follows from (10) that Pm — 0 =4 m/M, 
i.e., the potential difference, which determines the velocity of the electrons in the ion beam 
when the ion-accelerating voltage is Vj < 30 kv, is commensurate with the thermal velocities 
of the electron. Simultaneous account of the electron distribution function over the initial 
velocities and the space-charge effect in the Poisson equation leads to serious mathematical 
difficulties. However, in the first approximation we can replace the electron distribution 
function over the initial velocities by a constant quantity corresponding to the average elec- 
tron velocity. In this case equation (3) and its solution will remain the same if we replace 
my: 
in these equations 20 by 35> 20 a , where Vjp is the initial velocity of the electrons, 
i 


determined by the emitter temperature. 

Figure 4 shows the dependence of the ratio dg/d on Oy for different values of 9j,. The 
double-valued nature of the curves corresponds to two possible stationary modes of propaga- 
tion of the electron-ion beam, the establishment of which depends on the conditions through 
which the particular mode is reached. 

When the initial electron velocities are thus taken into account for the case when the 
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Fig. 5. Distribution of the potential in the drift 

space when the electrons have no initial veloc- 

ity (Pjn =o) and forthe case when the electrons 
do have an initial velocity. 


electron current entering into the ion beam is completely limited by its own space charge, 
part of the electrons are reflected back to the emitter from a certain distance xp jn (occur- 
rence of a virtual cathode). Starting with the distance x > xmjin, the potential distribution 
function will be periodic with a period dg, determined from (17), whereas ay, should account 
in this case for only the portion of the electron current entering into the ion beam, while go 
must be replaced by ¢jn. Fig. 5 shows the characteristic distribution of the potential in the 
drift space for different values of initial electron velocities. 

We see that the presence of initial electron velocities changes the period of the potential 
distribution function very little, while the average potential of the drift space decreases. 
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BRIEF COMMUNICATIONS 


CONCERNING THE ACCUMULATION OF NOISE 
AND FADING IN RADIO RELAY COMMUNICATION LINE 
WITH LONG-DISTANCE TROPOSPHERIC PROPAGATION 


Yu.B. Sindler 


In the investigation of processes occurring in radio relay lines with long-distance tropo- 
spheric propagation, it may be of interest to obtain an asymptotic estimate of the distribution 
of the probabilities of output-noise fluctuation in the region where the noise is high, in the 
case when these fluctuations are due to fading of the signal on portions of the line. 

Fading in radio relay lines with long-distance tropospheric propagation has the feature 
that one can clearly discern in it slow and fast fluctuations (the so-called slow and fast 
fadings). 

Assume that we have a radio relay line with long-distance tropospheric propagation, 
consisting of n sections. Let us assume the following model of fading. 

We assume that the radiowaves propagate exclusively by scattering on inhomogeneities 
of the troposphere, and that at the point of reception there arises a large number of ele- 
mentary beams with a total power 202. The phase shifts between the individual beams and 
the amplitudes of the beams vary continuously depending on the random structure of the 
scattering volume. This circumstance causes the rapid fading of the signal. The signal 
power 202 changes slowly under the influence of changes in the average refraction cohdi- 
tions, the average turbulence intensity, etc. 

We assume that at a fixed value of 0 the amplitude of the field intensity has a Rayleigh 
distribution 


W (B/s) = pa exp { — eed : (1) 
We shall assume that the parameter o is random, and it changes slowly, while its one- 
dimensional probability distribution is logarithmically normal 


r 1¢o—Ino)2 
ap (his = 6) ] (2) 


WwW = ——— 
(s) V 210s : _ z 

where s — rms deviation of the parameter 0, innepers. The parameter s will be called the 
depth of the slow fading. Formula (1) gives the conditional probability density of the quantity 
E for a fixed 0. The unconditional probability density of the field intensity W(E) can be rep- 
resented in the form 


W (E) = \ W (E/s) W (s) ds = Le \ e exp bbs (In 3 Bell a se (3) 
Ver 3 | 2 2S : 


0 0 


Interest is attached to an estimate of the distribution of the field intensity E in the region of 
small values of this intensity. For small E we can readily obtain with the aid of (3) 


W (E) = E exp [2 (s?—Ino)]. (4) 


The power of the fluctuation noise introduced by one section of the radio relay line is 


y= (5) 


where B is a constant coefficient depending on the radio delay line apparatus. 
The distribution function of the noise power in one section can be estimated, for large 
values of the noise, by means of the formula 


B 
Oe ease caer no)). (6) 


We make use of the results of [1], which contains formulas that permit an estimate of the 
distribution function of the total noise Y at the output of a radio relay line consistng of n 
identical sections. When the slow fading in the individual sections has independent values, 
the following relations hold true 


nB 3 Tare 
ay xP 2 — Ins)], (7) 
where Fy(Y) — distribution function of the total noise power. _ 

It is seen from formula (7) that the presence of slow fading with parameters s and lng 
leads to an increase in the probability of exceeding the high-level noise by approximately 
exp [2 (S2—Ino)] times compared with the case when the only fading present is fast with a 
Rayleigh distribution and with a parameter o = 1. 

It is of interest to obtain an asymptotic estimate of the noise distribution when the slow 
fading in the neighboring sections is correlated. An analysis shows that the asymptotic 
formula (7) is valid also in the case when the slow fading is synchronous (i.e. , the correla- 
tion coefficient is equal to unity). Thus, in the case of complete correlation of the slow 
fading in neighboring sections and when the valves of the fadings in these sections are inde- 
pendent, the asymptotic properties of the distribution of the total noise turns out to be the 
same. 
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REFLECTION OF CIRCULARLY POLARIZED 
RADIOWAVES BY METALLIC BODIES 


P. Ya. Ufimtsev 


In [1] there was proposed a method for directly measuring the 'non-uniform" component 
of the field scattered by metallic bodies of revolution. In the present communication it is 
shown that this method is suitable for the measurement of the non-uniform component of the 
field scattered by arbitrary metallic bodies of finite dimensions. 

Assume that a plane electromagnetic 
wave strikes a metallic body of arbitrary 
shape situated in free space. A surface 
element of the body is shown in the figure. 
We choose a coordinate frame such that the 
normal N to the front of the incident wave, 
drawn through the origin, lies in the plane 
yoz. The angle between this normal and the 
z axis would be designated y . 

It is easy to show that in the case of E 
polarization (Eg | yoz) of the incident wave, 
the current induced on the surface of the 
body is determined in the Kirchoff approximation by the following formulas 


cape ; Me 
j= === B. (e-sin (= cosy) es 
x Da Ox Su ees 


~-E_.n, sinye? (1) 
"ag Oniat aes 
c 


POY 
B yx Ny COS Te : 


while in the case of H polarization Ho __yoz it is determined by the formulas 


, eet 
ly Sqn anee’ = (2) 


, Tee A one eg 
z tee Ox Uy 


where c is the velocity of light in vacuum; Egy and Hox are the amplitudes of the electric and 
magnetic fields of the incident wave in E and H polarizations, respectively; Y= k(y' sin y + 

+ z' cos y) — phase of the incident wave at the point (x'. y', z') on the surface of the body; 
nx, Ny, and nz — components of the normal to the surface at the same point. The time 
factor is given in the form e ~iuwt, 


Using the resultant current to calculate further the scattered field in the far zone, we 
obtain for E polarization 
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ikR . 
a or \ [a SLAF CORY -/= (My sin Hoke n, cos 7) sin | ei? as, 


Fees ee RO es 
: dee eee , 
E3=H, = Se \ [7, (sin 7 cos O sin @— cos 7 sin 8) — 
= (v4, 8in y+ nz cos {) cos G cos O) e&? as (3) 
and for H polarization 
: ih —_ptkR ce 
1B cal wlb lit es Fl. GOS | R (ne ds, 
ik eikR ¢ 
\ (7, sin B — nx, sin @ cos 9) et? as, (4) 


By aH | 


where R,% , Y — spherical coordinates of the point of observation; @= U— kr' cos Q, and 
In the radar case, when 


the integration is over the illuminated elements of the body surface. 
the observation and illumination conditions coincide (9 = 7 — yp = -1/2) we obtain respec- 


tively 
ikR (3a) 


and 
ia eikh 
Hi b,=— tp By, = Hy = 0. (4a) 


The quantity a contained in these formulas is some linear dimension of the body, while the 


functions ), and Z_ are given by 
(5) 


Se Bp a \ (%4, sin ¥ —- 2, COs '¥) eb? as 
We have thus demonstrated that the equality D, = -D, is satisfied for bodies of arbitrary 
form. Consequentiy, the method described in 1] is universal and enables us to separate 
from the total field, scattered by arbitrary metallic bodies, that portion of the field due to 


the bending of the surface (flexure, kink, sharp point, projection, aperture, etc.). 
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SYMMETRICAL DIAGRAMS REALIZED 
BY A ROUND RADIATING APERTURE 


B.M. Minkovich 


The conditions of realizability of a directivity pattern for a linear antenna of finite 
length are determined by the well known Wiener-Paley theorem [1]. The analogy between a 
linear antenna and a round aperture, established in [2], indicates the possibility of obtain- 
ing the conditions for the realizability of a symmetrical directivity pattern in a round aper- 
ture of finite dimensions. In the far zone the directivity pattern of a round aperture is 
expressed with the aid of the Hankel transformation [3] 


1 
F(u) =\ 4G) Jo (up) pdp, (1) 


0 
where 


A ) =\ F (wu) Jo (up) udu, (2) 


0 


and the connection established by expressions (1) and (2) is valid not for all arbitrary even 
or even continuous function F(u) and A(o). 

Let us find the conditions that must be satisfied by the functions F(u) and A(p). 

By means of expressions (1) and (2) we can readily find that the functions F(u) and A(p) 
are interrelated by an equation similar to the Parseval equation for the Fourier transforma- 
tion 


OS if 


\ | F (uP udu = \ | 4 (p)|? pdo. (3) 


0 0 
For a physically realizable amplitude distribution we have 
is 
| 4 (9)/? pdo < 00 (4) 
0 


or 


| F (wu)? udu < 00, (5) 


0 


and in the opposite case the directivity coefficient will vanish [3]. When F(0) is finite 
then 
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\ | F (u)l2 du << 00 (6) 


d 
—co 


is all the more valid. We now reduce the Hankel transformation (1) to a Fourier transfor- 
mation, after which, with account of (6), we make use of the Wiener-Paley theorem for the 
Fourier transformation. Inasmuch as [4] 


(1) assumes the form 
eR 
DES (1D) tees = \ Ty (y) edu, (7) 


where 


is an even function of the class L9(-1, 1). Consequently, the problem of realizability of a 
symmetrical directivity diagram in a round aperture reduces to a similar problem for a 
linear aperture. We now obtain the conditions that must be satisfied by the function F(u): 
The continuation of the function into the complex domain F(z) must be an entire transcen- 
dental function of exponential type with exponent < 1; on the real axis the function F(z) must 
satisfy the condition (5) and not (6) as in the case of a linear aperture. It is seen from (5) 
that the functions that can still be realized as directivity patterns of a found aperture should 
decrease at infinity Vu times faster than the corresponding function for a linear aperture. 
This result was obtained earlier by Taylor [5]. This means that the directivity pattern, 
which has the form (sin u)/u at large values of u (the corresponding distribution functions in 
a linear aperture have a pedestal [5]), cannot be realized in a round aperture, since the 
integral (5) does not converge. Ld 
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DEPENDENCE OF THE PROPERTIES OF A CAVITY CHAIN 
ON THE DISPLACEMENT OF THE SLOTS 
IN ADJACENT DIAPHRAGMS 


Ya.K. Trokhimenko 


In electron-beam devices with longitudinal interaction, slow-wave systems are used in 
the form of chains of cylindrical cavities, inductively coupled through slots in the dia- 
phragms. 

A theoretical analysis of such systems, one sufficiently convenient for practical pur- 
poses, is developed in [1]. 

Dispersion equation (31) of reference [1], for modes close to TMo10 in cavities sepa- 
rated by spin single-slot diaphragms, can be represented in the form 


ere (1) 
=a 
sto(MS\_ 
Pte (o) 2 SP 


where p =A /Ay — relative wavelength in free space; S =) </Ay — relative resonant wave- 
length of the slot (for narrow peripheral slots ), = 2b, where b is the length of the slot); 


An = 2.615a — natural wavelength of 


S=Ag/ay a cylindrical cavity of radius a for 
i 


| ny o the TMg19 mode; a = ag sin? > = 
8 


S Ny) g coupling coefficient between cavities; 
Aq = 0.18 — static coupling co- 
, efficient; Z g — wave impedance of 
oh the transmission line equivalent to 
A the slot [1]; Zp = Vu/€ — wave im- 
Wz pedance of free space; ” — phase 

yA shift during one period of the system 

y, (per cavity). 
WA The solution of dispersion equa- 
i; tion (1) for the two pass bands of 
i/ longest wavelength is shown in Fig. 1 
in the form of slots S = f(p, a). 
In the case of weak coupling 

(s < 1) the pass band connected with 
the natural cavity wavelength is 
Fig. 1 located at longer wavelengths and is 


characterized by negative dispersion 
(AQ <A). The pass band connected with the resonant wavelength of the slots has positive 


dispersion. An increase in the coupling with S < 1 leads to a broadening of both pass bands, 
with the band connected with \n broadening by an increase in, at a constant value AO = Ay: 
When S = 1 both pass bands come in contact at the point p = 1. 
When S > 1, the cavity natural wavelength jy is connected with the shorter-wave pass 


ES 


C= 
10 
“ 


15 20 D=A/ag 
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band, while ), is connected with the longer-wave pass band. The sign of the dispersion in 
both pass bands is reversed when S=1. With further increase in the coupling, the pass 
band connected with jy, becomes somewhat narrower, 
while the pass band of the slots broadens and shifts 
towards the longer wavelengths. 

Equation (1) is valid only for the case of weak 
coupling, when the influence of the longitudinal mag- 
netic fields occurring near the coupling slots can be 
neglected. The influence of the longitudinal magnetic 
field manifests itself in a reduction in the resonant 
wavelength of the slots (owing to the occurrence of 
currents in the slots themselves) and in a change in 
the dispersion and the width of the pass band — 
essentially due to the mutual currents of the slots, 
determined by the direct coupling between the slots 
[1]. The magnitude of the mutual currents depends 
on the period of the system and on the placement of 
the slots in adjacent diaphragms. 

The influence of the longitudinal magnetic field 
is accounted for quantitatively in [1] by means of form- 
ulas (46) which are valid for the case of identically 
situated single-slot diaphragms. For the case of 
practical importance of alternate displacement of 10 15 20P=A fay 
the slots in neighboring diaphragms, the influence Fis, 2 
of the longitudinal magnetic field can be taken into ae 
account (as was confirmed experimentally) by replacing the parameters S and a7 in (1) re- 
spectively by 


C/Yph 


T S 
V1+P—Qcos pcosO 
a, =a, V1 + P— Q cos 9@ cos 8, (2) 


iS’ 


where © — angle of relative rotation of the slots in the neighboring diaphragms (every other 
diaphragm); P and Q — coefficients that take into account the magnitudes of the self and 
mutual currents of the slot respectively. The oefficients P and Q (P > Q) are approxi- 
mately calculated from formulas (44) of [1], which are valid for the simplest configuration of 
the coupling slots. 

Formulas (2) differ from (46) of [1] in that they contain the factor cos ©, which takes 
into account the alternate (every other diaphragm) shift of the diaphragms in the system by 
an angle ©. 

Calculation by means of (1) and (2) yields a good quantitative agreement with experiment 
in the case of narrow peripheral slots with angular lengths on the order of 90°. For the 
practically employed slots and cavities, of more complicated form, expressions (1) and (2) 
yield a quantitative estimate of the influence of the geometry of the slow-wave system on its 
properties. 

Let us examine the case of practical importance S>1, p > 1 (Fig. 1). 

When the angular shift of the neighboring diaphragms is 90°, the mutual currents do not 
influence the properties of the system (cos © = 0), and the self-currents result in a reduction 
of the resonant wavelength of the slot 


S’ (0) = S’ (n) = S/VI+P, 


which leads, as follows from the plots of Fig. 1, to a certain narrowing of the pass band, 
which is only partially offset by an increase in the coupling coefficient a'_ = aq Vilas pie 

When the diaphragms are identically arranged (© = 0) and y = 0, the resonant wavelength 
of the slot increases [S'(0) = S/V1 +P - Q], and when ¢ =7 it decreases [S'(7m) = 
=S/V1+P+Q]. This leads to a sharp narrowing down of the pass band, and at certain 
large values of indirect coupling between the slots it reverses the sign of the dispersion in 
the long-wave pass band. 
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When © = 180°, the resonant wavelength of the slot corresponding to » = 0 decreases 


[S'(0) = S/ V1 +P +Q], while that corresponding to y = 7 increases [S'(1) = S/VI +P - Q]. 


RIR(160°} 
i 


30 60 90 10 159 


Fig. 3 


This leads to a broadening of the pass band compared with the case 
© = 90°. 

The foregoing theoretical estimates are in good agreement with 
experiment. Fig. 2 shows the dispersion characteristics of a 
single-slot system for the first positive spatial harmonic, taken at 
different values of angle @(a,~0.4). As follows from (2), when © 
changes, the dispersion characteristics rotate about a point approxi- 


mately to gy = 3 1. 


The experimental investigations have also shown that the de- | 
pendence of the coupling resistance R for the first spatial harmonic 
on the angle © is determined essentially by the change in the ratio 
Vph/Vgr, since the distribution of the field near the axis of the sys- 
tem and the energy stored per unit length depend little on ©. A plot 


of R(®), with the phase shifted by the period of the system ¢ = Sn , is shown in Fig. 3. 


In similar fashion we can estimate also the properties of a system having a different 
configuration of diaphragms. In particular, for two-slot diaphragms (slot symmetrical 
about the axis of the system), the maximum pass bands of the system correspond to a shift 
© = 90° between the adjacent diaphragms. 

Thus, a change in the angle of rotation of the slots in neighboring diaphragms of a 
cavity chain with inductive coupling enables us to change, over a relatively wide range, the 
characteristics of the slow-wave system. This property can be used, in particular, for 
matching purposes, and also for gradual variation of the parameters of the slow-wave sys- 
tem, a factor which is important in certain applications. Great interest is also attached to 
an investigation of systems in which the coupling slots in the diaphragms are shifted along a 


helix. 
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